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Forms, Necessary and Sufficient, of the Boots of Pure 
Uni- Serial Abelian Equations. 

By George Paxton Young, University College, Toronto, Canada. 



Object of the Paper. 

§ 1. An Abelian equation, that is, an irreducible equation in which one 
root is a rational function of another and of known quantities, may be called 
uni-serial when the roots form a single circulating series. If the equation, say 
f(x) = 0, be of the n th degree, its roots, in the ordinary Abelian notation, are 

x lt Bxi, fflx lt , W -V (1) 

§ 2. When the coefficients of 6 are rational, in other words, when one root 
of the equation /(«) = is a rational function of another, the equation is a 
pure Abelian. For instance, the irreducible cubic equation 

x 3 + 2 JX ~i~ 9. = > 
in which the coefficients p and q are such that \/( — 4p B — 27g^) is rational, is a 
pure Abelian, because, as is well known, one root of the cubic is a rational 
function of either of the others. 

§ 3. The object of the following paper is to investigate the necessary and 
sufficient forms of the roots of pure uni-serial Abelian equations. First, a Cri- 
terion of pure uni-serial Abelianism is established (§ 1 2— § 15). A deduction is 
then given of the necessary and sufficient forms of the roots of pure uni-serial 
Abelian equations of all prime degrees (§16-§26). Then the necessary and 
sufficient forms of the roots of the pure uni-serial Abelian quartic are ob- 
tained by two different methods (§ 27— § 39). Then the necessary and suffi- 
cient forms of the roots of the pure uni-serial Abelian of a degree which is 
the continued product of any number of distinct prime numbers are found 
(§40-§46). Then the problem is solved for the pure uni-serial Abelian of a 
degree which is four times the continued product of any number of distinct odd 
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primes (§ 47— §57). Finally, from the relation between the solvable irreducible 
equation of prime degree n and the pure uni-serial Abelian equation of degree 
n — 1 , the necessary and sufficient forms of the roots of the irreducible solvable 
equation of prime degree n are shown to be determinable for all cases in which 
n — 1 is either the continued product of a number of distinct primes, or four 
times the continued product of a number of distinct odd primes (§ 58— § 64). 



Preliminary. 



Corollary from a Law of Kronecher. 

§ 4. It was proved by Kronecker that, n being any integer, the primitive 
n th roots of unity are the roots of an irreducible equation, that is, of an irre- 
ducible equation with rational coefficients. We shall have occasion to make use 
of the following Corollary from this law : Let w and w' be two primitive n th 
roots of unity, and let F(w) be a rational function of to. Then, if F{w) = 0, 
F(uJ) = . For, by hypothesis, 

F(w) = hw" + h-^jo 8 - 1 + etc. = 0, 
where h, h t , etc., are rational. We assume s to be less than n, and A to be 
distinct from zero ; therefore 

h- 1 {F(w)} =w*+ lr 1 h 1 w e - 1 + etc. = 0. 
Therefore w is a root of the equation $(x) = x" + h~ 1 h 1 x' l ~ 1 + etc. = 0. If 
4* (x) = be the equation whose roots are the primitive n th roots of unity, w is 
a root of the equation 4 , (x),= 0. Therefore the equations <p(x)=Q and 4 (20 = 
have a root in common. But, by Kronecker's law, the equation -^ (#) = is 
irreducible. Therefore <p(x) is divisible by ^(x) without remainder. This 
implies that all the roots of the equation -^ (») = are roots of the equation 
<p (x) = . Therefore q> («/) = . Therefore F{vd) — . 

Principles established by Abel. 

§ 5. Let f(x) = be a uni-serial Abelian equation of the n th degree, and 
let its roots, in the order in which they circulate, be the terms in (1). It is 
known (see Serret's Cours d'Algebre supeneure, Vol. II, page 500, third edition) 

that Xl - r;+ r;+ r; + . . • . + rLi, 
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where R x is a rational function of the primitive n th root of unity w and of the 
known quantities involved in the coefficients of 6 ; and, z being any integer, R z 
is derived from R x by changing w into vf. Putting 

x s + 1 = RJ+ io>Rf+ w*°R;+ + w^-V'Rl^ , (2) 

the n roots of the equation f(x) = are obtained by giving s in x e+1 succes- 

sively the values 0, 1,2, . . . . , n — 1. Therefore nR^ is the sum of the roots 

_i_ 

of the equation; consequently, i£ " is rational. An equation of the type 

(R,Rry = f{w) (3) 

subsists for every integral value of z, F(w) being a rational function of w and 
of the known quantities involved in the coefficients of 6 . As w may be any 
one of the primitive nP 1 roots of unity, if the general primitive n th root of unity 
be w e , we may suppose w in if^ to be changed into uf. The n roots of the equa- 
tion /(x) = will then be obtained by giving t, in the expression 

R; + w*R; + uFRZe + etc. (4) 

successively the values 0, 1,2 , n — 1. Abel's investigation shows that 

the form of the function F(w) in (3) is independent of the particular primitive 
n th root of unity denoted by w. Hence the change of w into w e causes equation 

(3) to become {RJi -'f=F{vf), (5) 

the symbol F having the same meaning for every value of e. 

Fundamental Element of the Root. 

§6. Because R , R % , etc., are derived from R x by changing w into w°, u? , 
etc., the root x x can be constructed when R x is given. "We may therefore call 
R x the fundamental element of the root. Examples of the way in which the 
root is constructed from its fundamental element will present themselves in the 
course of the paper. 

A Certain Rational Function of the Primitive n th Root of Unity, n being an Odd 

Prime Number. 

§ 7. Taking n an odd prime number, there is a certain rational function of 
the primitive n th root of unity w, of which we shall have occasion to make 
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frequent use. It will be convenient to describe it here, and to point out two of 
its properties. Let w, vf, vf\ . . . . , w K "~\ (6) 

be a cycle containing all the primitive n th roots of unity. The number 2, may 
be assumed to be less than n. With a view to convenience in printing, the 
indices of the powers of w in (6) may be written 

l,Z,,a,P, .... ,8,e, 6; (7) 

that is to say, a = /I 2 , (3 = /I 3 , and so on. Take P x a rational function of w, 
and, z being any integer, let P z be what P 1 becomes when w is changed into vf. 
Then the function to which we desire to call attention is 

PIPlPi PlP*P e . (8) 

The subscripts of the factors of the expression (8) are the terms in (7), while 
the indices are the terms in (7) in reverse order. The expression (8) may be 
denoted by the symbol fa. From fa, as expressed in (8), derive <p s by chang- 
ing w into w z , z being any integer. Then 

fa = PtPXPi .... P%I»P t 
fa=P x P{Pl.... P*.P\ 
fa=P\P,Pi.... P% \ (9) 



fa=P[P{ ....P\P e P° 9 

The second of these equations is derived from the first by changing w into w\ 
This, since a =2? and (3 = % s , and so on, causes vf to become vf, and vf to 
become vf, and so on. Hence it causes P A to become P a , P a to become P p , and 
so on. Thus the second of equations (9) is obtained. The rest are obtained 
in a similar manner. 

§8. One property which the function fa possesses is that $ has a rational 

value. For fa = P°P' . . . . P" P = P*, 

;«-i 1 

where * = 1 + X + 7? + + X>-* = — — — . 

A — — 1 

Because (6) is a cycle of primitive n th roots of unity, 3," -1 — 1 is a multiple 
of n. And, since /I is less than n, 2, — 1 is not a multiple of n; therefore t is a 
multiple of n . Put t = mn ; then 

*o=(W; 

i 

consequently, one of the values of <p$ is the rational quantity Pf. 
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§ 9. A second property of the function ^ is that an equation of the type 

(<M>rT = ^» (10) 

subsists for every integral value of z, F(w) being a rational function of w. 
For, taking z = % , 

# = P?P?P? P?P*Pi. 

But tf = a, a% = (3 , 2,s = . And A,0 = A*- 1 . Since A" -1 — 1 is a mul- 
tiple of n, put A" -1 — l = cn. Then 

# = pr(PiPt....Pi). 

Comparing this with the second of equations (9), 

frvr* = Pr n - 

Therefore (^ff = w'Pf, (11) 

w' being an n th root of unity. In like manner, from the second and third of 
equations (9), $,$-"= P^ en . 

Substitute here the value of $ A in (11). Then <M>r" = (PZ'PT**)*' Therefore 

(<pjpr a f = io"(P;°P7" e ), (12) 

w" being an n th root of unity. The equations (11) and (12) are of the type (10). 
Therefore an equation of the type (10) subsists when z is equal either to % or 
to a. In the same way we can go on to show that an equation of the type (10) 
subsists when z is equal to any of the terms in (7). Should z = 0, <p e <pT* = <?><>• 

Therefore, by § 8, 4>^f s = P™". Hence in this case also (4>^f *)" is a rational 
function of w. Therefore, whether z be zero or one of the terms in the series 
(7), an equation of the type (10) subsists. This implies that an equation of the 
type (10) subsists for every integral value of z. 



Criterion of Pure Uni-Serial Abelianism. 

The Criterion Stated. 

§ 10. A Criterion of pure uni-serial Abelianism may now be given. Let 
B x be a rational function of the primitive n th root of unity to, and, z being any 

integer, let B 2 be derived from R x by changing w into vf. Then, if Ml is 

rational, and if the terms M{ , R% , etc., are such that an equation of the type 
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(3) subsists for every integral value of z, an equation (5), in which the symbol 
i^has the same meaning as in (3), at the same time subsisting for every value 
of e prime to n, the n values of x s+1 in (2), obtained by giving s successively the 
values 0, 1, 2, n — 1, are the roots of a pure uni-serial Abelian equa- 
tion, provided always that the equation of the n th degree, of which they can be 
shown to be the roots, is irreducible. 

Proof of the Criterion. 

§11. Here we assume that the conditions specified in §10 are satisfied, and 
we have to show that the n values of a^ +1 in (2), obtained by putting s succes- 
sively equal to 0, 1, 2, . . . . , n — 1, are the roots of a pure uni-serial Abelian 
equation. 

§ 12. We will first prove that the n values of the expression (4) obtained by 

giving t successively the n values 0, 1,2, n — 1, are the same, the order 

of the terms not being considered, as the n values of x s+1 in (2) obtained by 
giving s successively the values 0, 1,2 , n — 1. 

Because vf is a primitive n til root of unity, all the n th roots of unity distinct 
from unity are contained in the series 

vf, w 2 *, «; 3e , . . . . , w (n ~ l)e . 
Therefore the two series 

Mi, M 2 , Ma , .... , M n _i, 

M e , M^, M 3e , . . . . , -ft(»_i)e> 

are identical with one another, the order of the terms not being considered. 
Therefore, also, the two series 

- 1 — 2. 

Mi , Mi , M 3 , . . . . , M. n _i, 

JL — 1 l 

7?" 7?" 7?" /?** 

are identical with one another, the order of the terms not being considered, it 

being understood that Ml , B£,, etc., are the same n tb roots of B e , B 2e , etc., or of 
B x , B % , etc., that are taken in the series Bl, i£ 2 " , etc. Let the expression (4) be 
called x' t +i. The separate members of the expression x a + x are 

Bj, w s Bf, w 2s Bj, etc. (13) 

Taking * with a definite value, let 

es = bn -f- c, 
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where b and c are whole numbers, and c is less than n. Then, putting t = c, the 

separate members of the expression x' c + 1 are 

2. _i_ _i_ 

B;, w e R n e , v? e Bl e , etc. (14) 

Because es = 6re + c , ««" = w e *. Therefore vfRl = «j e *iB 6 " ; that is, the second 
term in (14) is equal to the (e -f- l) th term in (13). Again, if 2e = dn-\-v, where 

-i. J. 

d and are whole numbers, and v is less than n, R£ e = R„. Also, because 

-L i. i. 

es = In + c, to 20 = w 2< *. Therefore m? 2 ^ = v? e, R n v = w va R; ; that is, the third 
term in (14) is equal to the (v -+- l) th term in (13); and so on. Hence x' e + x — x a+1 . 
Let now s and <r be two distinct values of s, both less than n; and let 

x c + i = x s +i, and x e+1 = a^+i. 

By what has been proved, the numbers c and .z are determined by the equations 

es = bn + c , ecr = /?ra + z, 

Jre and (3n being multiples of n. But, since s and cr are different, and e is prime 
ton, c and a must be different. Hence, as x 3+1 runs through its n values, 
scj, cc 2 , etc., a-/ +1 must run through its n values, severally equal, in some order, 
to those of x s + 1 . 

§ 13. From (5), B& = A e R;, 

-#3« — BeRe ) 



•^(n — 1)« ^«-"« 



where J.,,, i? e , etc., are rational functions of w e . These values of R£, R'i e , etc., 
substituted in (4), cause that expression to become 

-L — 2 3 

R n + w'R; + v?*A e Rl + w u B e R; + etc. (16) 

Let the n values of the expression (15), obtained by putting t successively equal 
to , 1 , 2 ,...., n — 1 , be 

r lf r„ , r n . (16) 

Then, v being a whole number, 

rl = a e + b.B: ^ +c e R; +.... + d e R~f , 

fl — a- e + wb e Rj + w%RJ + + w {n ~ l) d e R~f, 



K = a e + W~~ X b e R'e + W~ Z G e B'e + ....+ wd e R e " 
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where a e , b e , etc., are rational functions of vf. Therefore, if S v be the sum of 
the v th powers of the terms in (16), S v — na e . Because a e is a rational function 
of vf, we may put 

na e = g + hvf + 7cvf e +.... + lvf n ~ l)e , where g, h, etc., are rational. 

But, by § 12, the n values of the expression (15), obtained by giving t successively 
the values 0, 1, 2, . . . . , n — 1, are the same whatever value, making vf a 
primitive ?^ th root of unity, be given to e. We may therefore substitute for vf, 
in the expression for na e or S v , any one of the primitive n tb roots of unity 

w, vf, w d , ..... vf. (17) 

Therefore S v = g + Two + hvf + etc. 

= g + hvf + leu?" 4- etc. 



= g 4- hvf 4- hvf" 4- etc. 
Therefore 

mS v = mg 4- h (w 4- vf 4- etc.) ■+• h (vf + » 2c + etc.) + etc., 

m being the number of the terms in the series (17). Consequently S v is a 
rational and symmetrical function of the primitive n th roots of unity. Hence, 
by Kronecker's law, referred to in § 4. S v is rational. This implies that the n 
terms in (16), which have been shown to be identical with the n values of x s+1 
in (2) obtained by giving s successively the values 0,1, 2,...., n — 1, are the 
roots of an equation of the » th degree; that is, of an equation of the riP* degree 
with rational coefficients. Let this equation be f(x) = . 

§ 14. In accordance with the proviso in § 10, let the equation f(x) = be 
irreducible. It is then a pure Abelian. For, taking r 1; r 8 , etc., as in § 13, 

n = b; + r: + A e RJ+ . . . . + OJtT } 

r\ = D e + F e Rj+ G e Rf+ . . . . + H.rT [ (18) 

'I'" 1 = K + L e R; + MM +....+ Q.R'f J 
where A e , D e , F e , etc., are rational functions of vf. Multiply the first of equa- 
tions (18) by h e , the second by Jc e , and so on, the last being multiplied by l e ; 
then, by addition, 

Kn + h e r\ + . . . . + l.rr 1 = <A4+ KD e +.... + l e K e ) 

+ (h e +h e F e +.... + l e L e )R; 

+ •__ 

+ (h e G e + k e H e + . . . . + KQ,)rY- 
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Let the n — 1 quantities, h e , h e , etc., be determined by the n — 1 equations 

K + KK + +I e L e = w e , 

h e A e + k e G e + .... + l e M e = w*°A e , 



h e C e + k e H e +. ...+ l°Q e = vt*-*'C.. 

Then h.r x + h e r\ + etc. = (h e R; + k e D e + + l e K e ) 

+ ufR; + vf e A e R; + . . . . + vfi—V'C.RT 1 ; 

_1_ 2 

or, putting Rl e for -4 e i2 e " , and so on, 

Kn + hA + etc. = (m^ + hD e + • • • • + 4^) 

- w*i2""+ w*°Rt+ . . . . + ^ (M - 1> ^;-i),. (19) 

By § 12, x' c+1 = x s+1 , where es = bn-\-c. When s= 0, c = 0, and when s = 1, 
c = e; therefore 

J_ _L J_ 

a-i = x{ = R; + JB; + R; e + etc. = r lf 

J_ _1_ i- 

and x % = x' e+1 = R$ + ufR'l + v? e Rl e + etc. 

Therefore (19) may be written 

\x x + & e cci + etc. = V '' e #o + etc - ) — Bo + x % • 
But e may be any number that makes to e a primitive n th root of unity, and (17) 
is the series of the primitive n tb roots of unity. Therefore 

x % — \Rl— (jhR'o + etc.) i+hyXi + \x\ +.... + I^- 1 
= {r;— (h e Rf+ etc.) }+ h e x x + h e x\ + + ZX -1 

= { E ^— (/i,^ + etc.) }+h e x 1 + \x\ + . . . . + fctf- 1 , 

where A 1( A c , etc., are what h e becomes when vf is changed into w, w e , etc., and 
\, h e , etc., are what Jc e becomes when vf is changed into w, w°, etc., and so on. 
Therefore, by addition, m being the number of the primitive ra th roots of unity, 

rnx% = p + q%i + tx\ + . . . . + ^i -1 . 
where jp, 9, etc., are rational and symmetrical functions of the primitive n th 
roots of unity, and therefore are rational. Hence x % is a rational function of x x . 
Therefore the equation /(x) = is a pure Abelian. 

§ 1 5. It is also uni-serial. For, by what has been proved, 

x% — \)x x , 

VOL. IX. 
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focj denoting a rational function of x x . But, from the form of x s+1 in (2), since 

1 — s. ~ 

jR 2 " = A X R{ , and R' 3 ' = B X R X , and so on, we pass from x 1 to x % by simply changing 

Tt{ into voR{ . The same change transforms cc 2 into x 3 . Therefore 

x 3 = dxz = B % x x . 

In like manner x 4 = (Px x , and so on, till ultimately 6 n xi=x l . Thus all the 
roots of the equation f(x) = are comprised in the series 

x{, ftr lf Wxi, . . . . , Q n ~ l x x . 



Pure Abelian Equations of Odd Prime Degrees. 

Fundamental Element of the Root ; the Root Constructed from its Fundamental 

Element. 

§ 16. We confine ourselves to pure Abelians of odd prime degrees, because 
the irreducible quadratic is always a pure Abelian. Let n be an odd prime 
number, and let the primitive n th roots of unity be the terms w, w K , w K \ etc. 
forming the series (6). Take fa as in the first of equations (9); then, if R x be 
the fundamental element (see § 6) of the root of a pure Abelian equation 
f(x) = of the n th degree, it will be found that 

R l = Alfa, (20) 

A x being a rational function of w. 

§17. From R x , as expressed in (20), derive R , R % , etc., by changing w 

into w°, u?, etc. By § 5, the root of the equation f(x) = is 

RJ+ 4+ Bl+ ■■■■ + i£"-i. (21) 

To construct the root, we have to determine the particular n th roots of jR , R 1; 
etc., that are to be taken together in (21). When w is changed into w 1 , let A x 
become A z , as fa becomes fa. . Then 

R, = A«fa. 

Therefore R^=v/A„ft, (22) 

vf being an n th root of unity. In proceeding to make R n z definite, we may first 

make ft definite. By (9), 

ft=w a (PlPlPt....P e f, 
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w a being an n th root of unity. Let 

Pf, Pi, P2, Pf, (23) 

be determinate ; then, by taking vf with the value unity, we get ${ with the 

determinate value ${ = (P\P\P\ .... P e )~. 

Let us now consider <^\ By (9), vf being an n th root of unity, 

l>i=uf(p 1 PlP:....i*y. 

Understanding that PI, PI, etc., on the right-hand side of this equation are the 
same quantities that appear in (23), they have already been made definite. We 

can then make <^' definite by taking vf with the value unity. Generally, if z be 
any number in the series 1 , 2, . . . . , n — 1 , 

^f=w a (PlPuP ta ....P ee f, 

w d being an n th root of unity. Because z is prime to n, the n — 1 terms 
vf , w sK , vf a , . . . . , vf\ are the same, in a certain order, with the terms 

w, w k , vf , vf. Therefore the terms 

— J. }-. — 

p- p- p* p« 

■*■ z 1 - 1 8Al x za. I • • • • ! - 1 Z0 ) 

may be taken to be the same, in a certain order, with the terms in (23). They 

are accordingly determinate. We may then make <p, definite by taking vf with 
the value unity. Therefore, for every value of z in the series 1,2, n— 1, 

& = (PJi^i*. .... P.,)"~. (24) 

Having thus determined <^', we can make Bl definite by taking w' in (22) 
equal to unity for every value of z in the series 1 , 2, . . . . , n — 1 ; that is, 

i _i_ 

b: — A k $: 



(25) 



Be = Attye 

As regards i2 ", we have P = J^ . But, by §8, <£ = Pj"\ Therefore & has 
a rational value. Consequently Bl has a rational value. In (21) substitute 
the rational value of B£ , and the values of Bl, Bl, etc., given in (25), and the 
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root is constructed. In other words, the expression (21) is the root of a pure 
uni-serial Abelian equation of the n th degree, provided always that the equation 
of the n tb degree, of which it can be shown to be the root, is irreducible. 

Necessity of the above Forms. 

§ 18. The root x x of the pure Abelian equation f(x) = of the n th degree, 

n an odd prime, being assumed to be expressible as in (21), we have to show 

i_ _i_ 
that its fundamental element B 1 has the form (20), and that Bl, Rl, etc., are to 

be taken as in (25), while Rq receives its rational value. 
§ 19. By (3), z being any integer, 

Rj = {F(w)\Rf, 

F(w) being a rational function of 10. And equation (5) subsists along with (3) ; 
that is, e being any whole number prime to n, 

r; z =\f{w*)\r;. 

Q-ive 3 here successively the values 1, X, a, etc., these terms being the same as 
in the series (7). Then „-- ^i 

Bt= B e RJ, 
— a. 



R: e =D e R:, 

B e , O e , etc, being rational functions of vf. Therefore 

(BlBlrfl .... R e6 f= G e Rf, 

where G e is a rational function of w e , and 

t=e + eh + $a + .... + 6. 

From the nature of the series (7), 6 = X"— 2 , and e = a/ 1-3 . Therefore eh — $. 
In like manner, each of the n — 1 separate members of t is equal to 6. There- 
fore t = (n — 1)6. Because (6) is a cycle of primitive n th roots of unity, in 
other words, because X is a prime root of n, and = 2,™ -2 , 6 is prime to n. 
And n — 1 is necessarily prime to n. Therefore whole numbers h and k exist 
such that ht = kn + 1 . 
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Therefore (B° e B' e , .... B eS f = ( GiBf)B;. 

i_ _i 

For every integral value of z let (JS«)" be written P^; then, putting J.7 1 for 

G * rB *' b; = A e (PlPUPl .... P a )\ (26) 

Hence, by putting e = 1 , and taking ^ as in (9), 

Thus the form of the fundamental element in (20) is established. Also, when 

e = 1 ' Ri = A 1 {p{PiP\....p e y. 

i_ j_ 

Therefore, by (24), Rf = A^ . This is the first of equations (25). Since e 
may be any term prime to n, let e = X. Then, from (26), because 7J* = a and 
Xa = /3, and so on, 

Bi=A K (PtI»Pl....P 1 )\ 

Therefore, giving % in (24) the value %, JS A " = J.^'- This is the second of equa- 

i- -1 -L 

tions (25). In like manner we can show that all the terms Rf, B£ ,...., B£ 

are to be taken as in (25). It has only to be added that i? " must be taken with 

_i_ 
its rational value, because, by § 5, nB£ is the sum of the roots of the equation 

Sufficiency of tJie Forms. 

_i_ 
§ 20. We here assume that B x has the form (20), that B$ is rational, and 

that B{ , B£ , etc., are taken as in (25), and we have to show that the rvalues of 

%s+i m (2), obtained by giving s successively the n values 0, 1 , 2, n — 1, 

are the roots of a pure uni-serial Abelian equation of the w th degree, pro- 
vided always that the equation of the n th degree, of which they are the roots, 

is irreducible. In the first place, Rq has been taken rational. In the next 
place, an equation of the type (3) subsists for every integral value of z. For, 
let z not be a multiple of n. In this case it may be taken to be a number 
in the series 1 , 2 , n — 1. Then, by (25), 

(B,Brf= (4,4-*)(wr)\ (27) 

But ^ is the expression (8). Therefore, by § 9 , 

(<M>rf=^w, 
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F(w) being a rational function of w. This makes (27) an equation of the type 
(3). Next, let % be a multiple of n, in which case it may be taken to be zero. 

Inen B; = Bi\ and R{ = 1. 

Therefore (B t R?)' = BJ. (28) 

Since R$ is rational, (28) is an equation of the type (3). Therefore, whether z 
be a multiple of n or not, an equation of the type (3) subsists. In the third 
place, the equation (5) subsists along with (3) for every value of e that makes 
vf a primitive n th root of unity. For, let z be a multiple of n ; it may be taken to 
be zero. Therefore 

Bl z — -fi-o* > 9-ud R* = 1 » 

Therefore [R a B^')'=iB^ (29) 

But, equation (28) being regarded as (3), (29) is (5). Next, let z not be a mul- 
tiple of n. It may be taken to be a number in the series 1, 2, . . . . , n — 1. 
Then equation (27) is (3). But, in (27), z may be any number not a multiple 
of n, and ez is not a multiple of n. Therefore we may substitute for z either 
ez or e. Thus we have 

{B es BT e *y= (^r*)(<M>r"f 

and (R e RT e f =(A e AT e )(Mrf. 

Therefore (B„B 7 *f = (A^A 7 ')( M7 ')' . (30) 

But, equation (27) being regarded as (3), equation (30) is (5). Therefore, 
whether z be a multiple of n or not, equation (5) subsists along with (3). Hence, 
by the Criterion in §10, the n values of x s + 1 in "(2), obtained by giving s suc- 
cessively the values 0, 1 , 2 , . . . . , n — 1, are the roots of a pure uni-serial 
Abelian equation. 

Particular Values of n; the Pure Abelian Cubic, 

§21. When the equation /(cc) = is of the third degree, taking a, = 2, the 
series (7) is reduced to the terms 1,2, and the equations (25) become 

R\ = A,{P\P t f, R^MPiPrf. 

Also R$ = A <p . Therefore 

x t = A $ + A^PiPrf + A % (P.PDi. 
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If J 4> = 0, the equation wants its second >term. Then, putting 

■^ = A\Ajr 1 P 1 and ^ = A\A^P tl 

we get ^ = (^)* + (^i)*- 

§ 22. Let the pure Abelian cubic of which x x is the root be 

x 3 + jxe + q = . 

Because ^i is a rational function of the primitive third root of unity, 

4*1 = b + <V — 3 
and 4 2 = & — cV — 3 , 

b and c being rational. Therefore i^ij/g = 6 2 + 3c 2 . Therefore 

Xl = {(5 2 + 3c 2 )(Z> + cV— 3)}*+ K& 2 + 3c 2 )(6 — cV— 3)}*. 

Therefore ^/(^ + £) = c (Z> 2 + 3c 2 V- 3. 

Therefore V(— 4/ — 27§ 2 ) = 18c (6 2 + 3c 2 ) . 

Thus\/( — 4/> 8 — 27g 2 ) is rational: the well known relation between the coeffi- 
cients which makes the irreducible cubic x 3 + P x + 2 = a pure Abelian. 

TAe P«re Abelian Quintic. 

§ 23. When » = 5, % may be taken to be 2. The series (7) then becomes 
1, 2, 4, 8; or, rejecting multiples of 5, 1,2,4,3. We may then put 

^ = A^P\P\P\P t )\ 
Rl=A i (P 1 PIPiP!)\ 
Bl= A^PlP.PlPtf, 

j#=j 8 (i>jitp 4 Pi)*. 

If we assume R to be zero, 

Xl = A, {P\P\P\P s f + A^P.PlPi^ + A^PlP.PlP^ + MPlPlPtPDK (31) 
§ 24. In a celebrated fragment (see Crelle's Journal, Vol. V, p. 336) found 
among the papers of Abel after his death, the root r x of the solvable equation 
of the fifth degree wanting the second term was stated, though without any 
accompanying demonstration, substantially as follows : Let 

a x = p + qo/z -\-\^(hz + 7i*/z) " 

a 2 = p — gVz + s/(]iz — hy/z) 

a 4 — p-\-q\/z — +/(hz + h\/z) f ' ' 

a^ — p — q*/z — s/(hz — h\/z) I 
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where p, q and h are rational, and 

2 = e 2 + 1 , (33) 

e being rational. Th§n, B 1 being a rational function of a lt B 2 the same rational 
function of a 2 , and so on, 

n = B l (ajajajos)* + B t MMf + B i {°&&\<4f + B z (afcla 4 a|)l (34) 

§ 25. The expression for r x in (34) is the root of a solvable irreducible quintic, 
not necessarily a pure Abelian. To obtain from it the necessary and sufficient 
form of the root of a pure Abelian quintic, we make use of the law referred to 
in § 5 , according to which the root of the pure Abelian quintic wanting the 
second term is R\ + R4 + Eg + Rj, 

where i? x is a rational function of the primitive fifth root of unity w. By this 
law, to deduce the root x 1 of a pure Abelian quintic from the root )\ of an 
irreducible solvable quintic as in (34), we have simply to pass from the more 
general expression a x to the less general expression which we have called P lt 
because, in doing this, we necessarily pass from B x to A lt B x being a rational 
function of a 1( and A x a rational function of P x . The question, however, is: 
Can we pass from a x to Pj? In other words, can the general rational function 
of the primitive fifth root of unity be subsumed under ax? That it can, may be 
thus shown : The value of w is 

to = V6- I l + V(-10--V5) > (35) 

Hence, if F{w) be the general rational function of w, 

F(w) =p + 7<V5 + (l+ mv'5)v , (— 10 — 2^5), (36) 

where p, 7c, I and m are rational. Putting 

__ 5{P+5nfi+2lm,y 

and j — 2(P + 5m*+10lmY 

1 P+5m 2 +2lm 



(36) becomes 






h(P+5m 2 -4-10lm) 
or, putting q z= 



F(w)=p + q*/z + */{hz + hs/z). (37) 
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The value of z given above conforms to the type (33), for it can be changed into 

— f 2(^— 5m 2 ) y 
z — (p+5ro*+10fo»J + 1 - 

Hence the general rational function of the primitive fifth root of unity falls 
under the expression for a t in (32). 

§ 26. The writer may perhaps be permitted to refer to a paper of his, entitled 
"Solution of Solvable Irreducible Quintic Equations," which appeared in this 
Journal, Vol. VII, No. 2. Assuming that the quintic to be solved has, by Jer- 
rard's application of the method of Tschirnhaus, been brought to the trinomial 
form a; 5 + px + q = , (38) 

he proved, in the article referred to, that it admits of algebraical solution only if 

_ 5A 4 (3 — B) 
P ~ 16 + 5 3 
and __^ 5 (22 + 5) 



q = 



16 + 5 s 



When the coefficients are thus related, take X a root of the equation 

x * — Bx 3 — 6x* + Bx + 1 = 0. 
Put „--(*+!) 



a = 



AA(A — l) 



and , —A'X(X — 1) 



(16 + ^ + 1)^ + 1)' 
then the solution of the equation (38) is 

r x = $ + a$ + aa 2 f — %a?di 

This form of the root may at first sight seem to have no affinity with the 
Abelian form in (34) ; but, in a communication which was laid before the Royal 
Society of Canada at its meeting in May, 1886, and which is to appear in the 
forthcoming volume of the Transactions of the Society, the writer has shown 
the essential identity of the two forms. 



The Pure Uni-Serial Abelian Quartio. 
Necessary and Sufficient Forms of the Roots. 

§ 27. Taking z = e 2 + 1 as in (33), the necessary and sufficient forms of the 
roots of the pure uni-serial Abelian quartic are the expressions a lf a 2 , a 4 , a 3 in 
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(32); the rational expressions p, q, h, e being subject to the sole restriction 
that they must leave the equation of the fourth degree, which has a x , a % , a 4 
and a 3 for its roots, irreducible. There is thus an intimate relation between the 
pure uni-serial Abelian of the fourth degree and the solvable irreducible equa- 
tion of the fifth degree. This is only a case of a more general law. If In + 1 
be any prime number, and if the forms of the roots of the pure uni-serial 
Abelian of degree 2n have been found, the necessary and sufficient forms of the 
roots of the solvable irreducible equation of degree In -f- 1 can be found. 

Necessity of tlie Forms (32). 

§ 28. Here an equation of the fourth degree f(x) = is assumed to be a 
pure uni-serial Abelian ; and we have to show that its roots are of the forms 
«i> «2> a 4> a 3 m (32). The roots of the equation f(x) = 0, in the familiar 
Abelian notation, are 

x lt 6x lt 6 2 x lt (Px x . (39) 

Because xi is the root of an irreducible quartic, its form is 

Xl =P+VQ, 
where P is clear of the radical */ Q. Another root of the quartic is P — s/ Q. 
This is obtained from a^ by changing the sign of V Q; and, by changing the sign 
of */ Q in P — VQ, we return to P -f- V Q or x x . Hence P — \/ Q must be 
the third term in (39). Therefore 

0*x 1 =P — */Q. 
In passing from Xx to 0x lt let P and Q become P and Q' respectively; then 

ex 1 =P' + VQ'; 
therefore 6^ =F—^g. 

In running through the series (39), the root of the equation /(x) = undergoes 
all its possible changes. But, from the expressions that have been obtained for 
x lt Qx 1 , B 2 Xi and 3 x 1} P can take only the two values P, P, and Q can take 
only the two values Q, Q'. Therefore each of the expressions P and Q is the 
root of a quadratic equation. Hence the only radicals occurring in a^ are 
square roots. But, when square roots are the only radicals in the root of an 
equation of the fourth degree, its root must be either 

2i+s/s+^t, | (4Q ^ 

or p + &>/*+*/(? + m*/s)) 



y (4i) 
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p, s, t, k, I and to being rational. Suppose, if possible, that ar x is of the first of 
the forms (40) ; then either 

6x 1 , = p -j- V« — s/t •'• 2 «i = p + Vs + v^ = «i , 
or $Xx — p — *Js + »/t .'. QPxx —p + Vs + v^ := #i ■ 

or 0^ = jp — \/s — s/t .*. fl 2 ^ = p -f- \/s + V^ = a*. 

But the equation /(a?) = 0, being a pure Abelian, is irreducible, and therefore 
cannot have equal roots. Therefore x x is not of the first of the forms (40). It 
is therefore of the second. Consequently we may put 

x 1 = p -\- k\/s + */(J + rn*/s) 
$Xx = p — k*/s + s/(l — m\/s) 

(PXi =i> + kVs \/(l + TO\/s) 

3 x 1 =p — h*/s — */(l — fflVs) I 
It is plain that fl'scx must have the place assigned to it in (41), because the 
change that causes x x to become d 2 X! must transform 6 2 x } into x v We can now 
determine the expression V(? + m/s/s) more definitely. To pass from x x to 0x t 
we change the sign of \/s and take the resulting radical -«/(? — m«Ss) with the 
positive sign. In order that these changes may cause 0x t to become d 2 x lt the 
changes must admit of being made on Qx-l . In other words, the radical 
\/(? — ni*/s), which does not occur in that form in x 1: must be expressible in 
terms of the radicals in x x . Therefore we must have 

\/(l — TO\/*) = (c -f- do^s) -\- {g — r*/s)s/{l + mi/s), 
c, d, g and r being rational. Therefore 
I — m\/s=(c-\-d*/sY+(g — r*Ssf(l + m*/s)-\-2{c-\rd»/s){g — r^s)>s/(l-{-m< K /s). 

Hence (c + d\/s)(g — rV«) must be zero ; for, if it were not, \/(l + m*/s) would 
be a rational function of V«, which would make x x in (41) the root of a quad- 
ratic. And g — r\/s cannot be zero, for this would make 

s/{l — toVs) = c + d*/s , 
and therefore, by (41), dx x would be the root of a quadratic. Hence c + d\/s 
is zero, and therefore 

*/(l— m^/s) = (g — »V*)V (1+ toV«). (42) 

By comparing the first three of equations (41) with one another, it appears that 
the change which transforms \/(l-\- m\fs) into \/(l — m*/s) causes \/(I — ttia/s) 
to become — V(l+ ms/s). Consequently, from (42), 

— a/ (I + to-v/s) = (g + r*/s)\f{l—m*/s). (43) 
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From (42) and (43), 

,-*=-!. :S. = !&±2. (44) 

By squaring both sides of (43) and equating the parts involving the radical \/s, 

2grl -— m (1 + g* + ^s) . 
Therefore, by (44), 2grl= 2m (1 + g 2 ). 

••■ « = ■=(!+«•). 

Substitute in the first of equations (41) this value of I, substituting at the same 

— ) and h for — - , and 

qfov— , x x = p + Q*/z -\-*/(hz + his/z). 

Thus the necessity of the forms in (32) is established. 

Sufficiency of the Forms. 

§29. We now take a 1; a 2 , a 4 , a 3 , as in (32), subject to the restriction that 
the quartic equation of which they are the roots must be irreducible, and we 
have to show that this equation is a pure uni-serial Abelian. The radical 
\/{hz — h\/z), which occurs in <x 2 , is not found in that form in a x . But, keeping 
in view that z = e 2 + 1 , 

*J{hz — hs/z) — A ^ Z ~ 1 ^/(hz + hs/z). (45) 

It is obvious that the expression 

p — q\/z + — — \/{hz + h\/z) 

is a rational function of the expression 

p + qs/z + \/(hz -f- hs/z). 

Therefore a % is a rational function of c^; and the equation /(cc).= is a pure 
Abelian. That it is uni-serial may be thus shown. To pass from a x to a 2 , we 
change the sign of \fz, and take the resulting radical s/{hz — h*/z) with the 
positive sign. Let these same changes be made on a 2 . The result, by (45), is 

P + qVz V{hz — hs/z) . 

And this again, by (45), is equivalent to 

p + qVz — V * + 1 * /2 ~ 1 V(hz + hs/z) , 
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which, because z = e 2 + 1 , is 

p + q\/z — V(7b + Aa/z), or <x 4 . 
Hence, in passing from a x to a 2 , we pass from a 2 to a 4 ; and in like manner it 
may be shown that the same changes of the radicals carry us from oc 4 to a 3 and 
from a s back to a x ; consequently the pure Abelian equation f(x) = is uni- 
serial. 

The Fundamental Element of the Boot. 

§ 30. The problem of the necessary and sufficient forms of the roots of the 
pure uni-serial Abelian equation of the fourth degree has been solved. We 
propose to find the solution by another method ; and, with a view to a compari- 
son of the result obtained above with that at which we shall arrive by the 
second method, we may now find expressions for B lt the fundamental element 
of the root, and for the derived expressions B Q , B%, B 3 . 

§31. By §5 the four roots of the pure uni-serial Abelian quartic equation 
/(as) = are as, = B-l + B\ + B\ + B\, 

$ Xl = x % = B\ + wB\ + u?B\ + w 3 BJ, 
Pz,. = x t = Bl + u?B\ + B\ + v?B\, 
®x x — x 3 = Bl + w z B\ + v?B\ + wBl 
w being a primitive fourth root of unity. Therefore, because v? — — 1 , and 



w 



— w, 



4B$ = x x + x % + x 4 + x 3 

ABf = x x + w 3 a* 2 + v?x± + wx 3 = (a^ — a; 4 ) — w (x 2 — x 3 ) 
4B% = x x + w % x % -\- cc 4 + v?x 3 = (x x + x t ) — (a-g + x 3 ) 
4i?J = x x + trccg 4- w 2 Xi + w 3 x 3 = (x x — a; 4 ) + w (a; 2 — x 3 ) J 
But, by what was proved above, 

Xi = p + qVz + V(^3 + h*/z) , 
a? 2 = ^> — gVz + */{hz — h\/z), 
X i = # + 2V2 — v^Tia + A\/2i) , 
a- g =:^9 — gv'is — V(^3 — h*/z). 



(46) 



Therefore, by (46), 



B\-p, 
2B{ = */(hz + /Wz) 

2i?f = ,4/(7*2 + 7/Vz) + w*/(hz 



w\/(hz — h\/z), 

h\/z). 
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Therefore, keeping in view that z = e 2 + 1 , and making use of the relation 
\f(Jiz + h\/ z)/s/ (hz — h*/z) = he*/z, 



R n 



:& 



(47) 



4R 1 = h i (e i +l)(we — iy 
R i = q i z" 
4R 3 =tf(e 2 +l)(we + iy 

§ 32. It may not be out of place to observe that, in (47), R x is not presented 
in the form in which it is a fundamental element of the root of the pure uni- 
serial Abelian quartie equation f(x) = 0; that is to say, it is not in the form in 
which R , Rz and R 3 can be derived from it by changing w into w", u? and w 3 
respectively. In fact, by changing w in R x , as given in (47), into v?, we should 

obtain ~ h % (<? + l)(e + l) 2 ; whereas, by (47), R % is <fz % or (£{<?+ l) 2 . The form 

of R x , in which it is the fundamental element of a root of a pure uni-serial 
Abelian quartic, will be determined afterwards. 



The Problem op the Necessary and Sufficient Forms of the Roots of the 
Pure Uni-Serial Abelian Quartic Solved from Another Point of View. 

The Fundamental Element of the Root. 

§33. The necessary and sufficient forms of the roots of the pure uni-serial 
Abelian equation of the fourth degree may be found in another manner ; namely, 
by making use of the principles laid down in § 5, so as to determine the funda- 
mental element R x of the root. Let it? be a primitive fourth root of unity. 
Take any rational quantities, b, c, d, m. Find the rational quantities, p , q, r, s, 
by means of the three equations, equivalent to four linear equations, 

p -\- q -\- r -\- s = d 1 

p — q + f — s 



nc 



(p — r) + w (q — s) = 
Then it will be found that 



(6 3 + c 3 ) 3 
m s (b -\- etc) 



6 3 + e> 
R x -=zp + qw + rv? + sv?. 



(48) 



(49) 
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The Root Constructed from its Fundamental Element. 

§34. Having found R x as in (49), derive from it R , R % , B 3 by changing w 
into w°, iff*, w 3 respectively. But, since each of the expressions R{, E§, etc., has 
four values for given values of B lt B 2 , etc., we must settle what values of these 
expressions are to be taken together in order that 

Bl+B$+Bl+Bl (50) 

may be the root of a pure uni-serial Abelian quartic. From the two equations 

B 3 = (p — r) — w(q — s) = ^ , 

it follows that B t B s = m*. Having taken Bf a definite fourth root of unity, 
take B\ such that B\b\ = m. (51) 

Then, because B = p + q -\- r -\- s= d 4 , take B$ such that 

B\ = d. (52) 

Finally, because i? 2 = p — q + r — s = „ 3 8 , let B\ be such that R\ is posi- 

(o -(- c ) 

tiv'e. The expressions R§, Rf, etc., being thus determined, the expression (50) 

shall be the root of a pure uni-serial Abelian equation of the fourth degree, 

provided always that the equation of the fourth degree, of which it can be 

shown to be a root, is irreducible. 

Necessity of the Above Forms. 

§35. Here we assume x x to be the root of a pure uni-serial Abelian quartic 
equation f(x) = 0. By § 5, 

Xl = Rl + Rj + Rl + Rl ; (53) 

and what we have to make out is that R x has the form given in (49), and that 
Rf and R$ are related in such a manner that the equation (51) subsists, while R% 
is essentially positive. When we say that R x has the form given in (49), it is 
understood that p, q, r and s are determined by the equations (48). 
§36. Because F(w) in (3) is a rational function of w, we may put 

F(w) = (b + etc)- 1 , 
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b and c being rational. Therefore, from (3), taking z = 2, 

R% = (b + cw)- l R\. (54) 

Therefore, by (5), taking e = 3 , 

R\ ={b — cw^Rl 
Therefore R* = (b 2 + e 2 )- 1 ^!^)*} ^ 

.-. R, = {b 2 +c 2 )-\R 1 R 3 ) J l j 

But Ri is a rational function of w. We may put R x = t-\- tw and R 3 = t — tw, 
t and <r being rational. Therefore R X R 3 is equal to the positive quantity f -\- t 2 . 
Therefore, from the second of equations (55), R 2 is positive. 

§37. Because b + cw and R x are rational functions of w, we may put 

(b + cw)~ 2 R l = d + &W, 

d and $ being rational. Therefore, from (54), 

R % = { (b + cw))- 8 ^ } 2 = <P — 6 2 + 2dhw . 

Since i? 2 is rational, dh = . And <§ must be zero ; for, if it were not, d would 
be zero, and we should have R 2 = — <5 2 , which, because R % has been shown to be 
positive, is impossible. Therefore 

(b + cw)- % R 1 = d\ ^ 

Therefore also (b — cw)~ 2 R 3 = d) 

Therefore R 3 Rr 3 = {d(b + ctp) 2 }- 4 ^(6 2 + c 2 )} 2 . 

From (3), R 3 Ri s is the fourth power of a rational function of w. Therefore 
{d (6 2 + c 2 )} 2 is the fourth power of a rational function of w. Therefore 

± d (6 2 + c 2 ) = (g + lew) 2 = g 2 —tf + 2gkw , 

g and h being rational, the double sign on the extreme left of the equation indi- 
cating that it is not yet determined which of the two signs is to be taken. 
Hence g7c = 0. Therefore ± d(b 2 + c 2 ) is equal either to g 2 or to — ¥. That 
is, d (b 2 + c 2 ) is the square of a rational quantity, with the positive or negative 
sign. Hence we may put 

d(J 8 + 6 J ) = «V, 

m being rational and w 2 * having one of the two values 1 , — 1 . Substituting for 

d in (56) its value now obtained, 

„ roV (b -\- cwf 

, r, aV (b — cwf 

^d ^3= ^ +c2 ■ 
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But w 2z is either 1 or — 1 . In the former case, 

* = =$$?• <"> 

In the latter case, v? e = w 8 . Then 

r> _ ™?{bw — c) 2 
*!— 6 s + c 2 ' 

an expression essentially of the same character as (57). Therefore (57) is the 

universal form of B x . From (57), 

„ w?(b — owf 

Mo — 



V + c 2 " 
Therefore BxB 3 = m 4 . Hence, from (55), 

K> — m * /'kq\ 

^ - {b 2 + (} J • ( 58 J 

Let B x , when so expressed that it is the fundamental element of the root of a 
pure uni-serial Abelian quartic, be 

B x = p' + 4 W "H y, ' M ' 2 + s'^ 3 == (_£>' — /) + w (5' — s') , 
y, j'; **' and s' being rational. Then 

B 2 = p' + #V + / + sV = (p' + r') — (q' + «')• 
Therefore, by (57) and (58), 

w+^-w+v =pfrt 1 

and ( y_,, )+wtf _ 8 , ) = ^Mj 

And, by §5, i? " is rational. Therefore, d being some rational quantity, 

p' + 4 + / + s 1 = d\ (60) 

The equations (59) and (60) for the determination of pi, q', /, s' are the same 
as the equations (48) for the determination of p, q, r, s. Therefore 

p' •=. p, q' = q, r 1 = r, s f = s. 
Hence B x =p + qw + rw 2 + sic?, 

which is the form of the fundamental element in (49). And, by §34, in con- 
structing the root x x from its fundamental element, having assigned a definite 
character to Bf , we then, knowing that B X R S is equal to m\ selected the value 
of i?f so as to make R\R\ equal to m. Hence the necessity of the form of R x 
in (49) and of the relation between the roots B{ and B\ indicated in (51) is made 
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good. At the same time, because RjR$ = m, R\R\ = in 2 ; therefore, by the first 
of equations (55), R\ is positive. 

Sufficiency of the Forms. 

§38. To prove that the above forms are sufficient, we have to show that the 
conditions specified in §10 are satisfied, it being assumed that the equation of 
the fourth degree, of which the root is given in (53), is irreducible. The first 

condition is that R$ must be rational. This is satisfied by the first of equations 
(48). The next condition is that an equation of the type (3) subsists for every 
integral value of z. It will be enough to consider two values of z, namely, 2 
and 3. Because 

-^i = P + 9 W + rw2 "+" s w 3 = (p — r) + w (q — s) 
and R 2 = p + qv?-\- r + su? = (p + r) — (q + s) , 

we have, from the last two of equations (48), 

R ^ % = (6»+gy x (6 3 + c 2 )- 2 ( 6 + cw )~ 4 = ( b + CW )~ K 

Hence an equation of the type (3) subsists when z = 2. Again, 
R 3 = p + qw z + rv? + sw = (p — r) — w{q — s) . 

But (j) _ r ) + . Gr -. ) = ^ + -2.. 

therefore (^ — r) — to (q — s) = ] 2 + c , . 

Therefore R 3 Rt 3 = ™~ 4 (b + cw)\b — cw>)~ 4 . 

Hence an equation of the type (3) subsists when z=3. Consequently an 
equation of the type (3) subsists for every integral value of z. The third condi- 
tion is that equation (5) must subsist along with (3) for every value of e prime 
to 4 . As we may leave out of view values of e greater than 4 , we have only 
to consider the case in which e = 3 . Also it will be enough to consider the 
cases in which z is equal to one of the numbers 0, 2, 3. Let 2 = 0. Then 
equation (3) is i?f = \F(w) \Rf = F(w) . 



.3 



But R% is rational. Hence, changing w into w 

R\ = F(w 3 ) . 
Also i?i = R\. Therefore 

Ri = F(w*)={F(u?)\Rl 
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This is equation (5); so that, when a = 0, equation (5) subsists along with (3) 
Next, let z = 2. Then equation (3) is 

Bl = \F(w)\Rl (61) 

.-. B i = \F(w)} i B\. 
Therefore, changing w into w 3 , 

B, = {F(w s )\*Bl 
Therefore B% = w' \F(w 3 ) \ Bl, (6 2) 

to' being an n til root of unity. From (61) and (62), 

Si = w' { F{w) \ { F(w 3 ) } (B^K 

Let F(w) = g + 7m, g and h being rational. Therefore F (w 3 ) = g — hw. There- 
fore \F(w))\F{w 3 )\ is equal to the positive quantity g* + W. Also, from the 
manner in which the root x x was constructed in § 34 from its fundamental 
element, B\B\ = m. Therefore (JSjiZj)* is positive. Also, in constructing the 
root, Bl was taken positive. Therefore w' is positive ; that is, w' = 1 . There- 
fore, from (62), Bl={F(w 3 )\Bi (63) 

But, equation (61) being (3), (63) is (5) ; so that, when z = 2, equation (5) sub- 
sists along with (3) Finally, let z = 3 . Then equation (3) is 

Bl = qM (64) 

q x being a rational function of vs. Therefore 

B 3 = qlBl 

Therefore, changing w into w 3 , and denoting by q 3 what q x becomes when w is 
changed into w 3 , B x = qtS 3 . 

Therefore Bf = w'q s Bl, (65) 

w' being one of the fourth roots of unity. From (64) and (65), 

{B 1 B z )\q l q 3 )uf=l. 
But in the same way in which the product of F(w) and F(w s ) was shown to be 
positive, q x q z can be shown to be positive. Also (B 1 B 3 Y=m. Therefore 
(B^s)^ = m 2 . Hence w' must be positive. Therefore w' = 1, and (65) becomes 

B\ = q 3 Bl (66) 

Equation (64) being (3), equation (66) is (5). Hence, whether z be zero, or 2 
or 3, equation (5) subsists along with (3). Thus all the conditions specified in 
§12 are satisfied, and hence, by the Criterion in §10, x x is the root of a pure 
uni-serial Abelian quartic. 
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Identity of the Results Obtained by the Two Methods. 

§ 39. It may be well to show that the results obtained by the two methods 
that have been employed for finding the necessary and sufficient forms of the 
roots of the pure uni-serial Abelian equation of the fourth degree are identical. 
In (47) we have expressions for R lt R 2 and R 3 as determined by the first 
method. What we need to make out is that these are substantially the same as 
the expressions for R lt R 2 and R 8 obtained by the second method. By (48), 

„ m 3 (6 + cwf 



c 



Write — for rr - — h and — e for — . Then 
2 b" -|- <5 



A»(6' + C?) 



6 2 -f- c 3 ' 46 4 

6 s + c 26c 

Also —~— = 1 — e 2 and -^ == — 2e . Therefore 

6 b 

W — c % + 2bcw = tf(l — e 2 — 2eiv) ; 

or (b + cvof —b % {\ — ewf. 

Therefore «§±*L = *£+4 (1 - „f = *. (1 + «■)(! - <*,)'. 

The expression on the extreme left of this result is the value of R^ obtained by 
the second method, while that on the extreme right is the value of R x obtained 
by the first method. The value of R 3 by either method is what jR x becomes by 
changing w into w 3 or — w ; so that, when the identity of the expressions 
obtained for R x by the two methods has been established, the identity of the 
expressions for R s follows. Finally, by the second of equations (48), 



" 2 ~ (6 3 +C 2 ) 3 

The above values of h and e make this 

Put z for 1 + e 2 , and a for —r~ . Then 

7 26 

which is the expression for JS 2 in (47). 
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The Pure Uni-Serial Abelian op a Degree which is the Continued Product 
op a Number of Distinct Prime Numbers. 

Fundamental Element of the Root. 

§ 40. Let n be the continued product of the distinct prime numbers 

s, t, . . . . , d, b. (67) 

Take w a primitive n th root of unity. Then, if 

a, t, 8, (3 (68) 

be such that n = sea = tt ==.... = bj3 , w" is a primitive s th root of unity, uf a 
primitive £ th root of unity, and so on. Let 



uf , to" 

uf , uf 



uf 



w 



r Tft2 



uf 



uf 



JU> 



uf 



.M' 



(69) 



W , W , W 

w 8 , w 8 *, w 8 * 2 ,...., uf 
be cycles containing respectively all the primitive s th roots of unity, all the 
primitive t tli roots of unity, and so on. Should the numbers forming the series 
(67) be all odd, each of the cycles (69) consists of more terms than one. Should 
the prime number 2 be a term in (67), say b, the last of the cycles (69) would 
be reduced to the single term uf, which it will be convenient to regard as a cycle 
though it consists of only one term. In this case k= 1. It may be assumed 
that X is less than s, 7i less than t, and so on as regards all the numbers s, t, etc., 
in (67) which are odd primes. The numbers A, h, etc., are prime roots of s, t, 
etc., respectively. Take P x a rational function of to, and, z being any integer, 
let Pz be what P x becomes when z is changed into uf. Put 






<p„=p* 

^ T =prp'rp^ 









x & =p i r~p 



>■ 



d-i 



• ■ p t f 



P _ pi 6 " 2 p/c"-" pit"-* p 

M p — -*/} r /Si -LfiW • • • • -» pis'— - 



(70) 



In the case when one of the numbers in (67), say b, is 2, the last of equations 
(70) is reduced to F^ = P I} . (71) 

Then, if JS X be the fundamental element of the root of a pure uni -serial Abelian 
equation /(x) = of the n th degree, it will be found that 

R l = A?(<l>M....XiIf), (72) 

A x being a rational function of w. 
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The Boot Constructed from its Fundamental Element. 

§41. From B x , as expressed in (72), derive B , B 2 , etc., by changing w 
into w°, w 2 , etc. By § 5, the root of the equation f(x) = is 

BJ + BJ -f RJ+.... +4-1- (73) 

To construct the root, we have to determine the particular w th roots of B , B x , 
etc., that are to be taken together in (73). When w is changed into vf, let 
A x , 4>!, 4i> etc., become A t , $ , $,, etc., respectively. Then 

therefore bJ = vfA,{^r„ .... XUE%f J 

vJ being an n th root of unity. Let the integers not greater than n that measure 
n, unity not included, be 

n, y, etc. (75) 

For instance, if n =3X5X7 = 105, the series (75) is 

105, 35, 21, 15, 7, 5, 3. 

The n th roots of unity distinct from unity are the primitive n th roots of unity, 
the primitive y th roots of unity, and so on. For instance, the series of the 105 th 
roots of unity distinct from unity, containing 104 terms, is made up of the 48 
primitive 105 th roots of unity, the 24 primitive 35 th roots of unity, the 12 primi- 
tive 21 st roots of unity, the 8 primitive 15 th roots of unity, the 6 primitive 7 th 
roots of unity, the 4 primitive 5 th roots of unity, and the 2 primitive 3 d roots of 
unity. The general primitive n th root of unity being vf, give vJ in the second 
of equations (74) the value unity for every value of z included under e. Then 

^ = A (VeAlr .... XUF&f. (76) 

Taking any other term than n, say y, in the series (75), since y is a factor of n, 
let yv = n. Then w v is a primitive y tb root of unity. Hence, since w e is the 
general primitive n tli root of unity, all the primitive y tl1 roots of unity are in- 
cluded in w ev . If w', in the second of equations (74), be vf when z = v, let it 
have the value w ea when z =■ ev . Then 

BJ V = vf a A m (& v A T eV r XevsF^f- (77) 

Form equations similar to (77) for the remaining terms in (75). In this way, 
because the series of the « th roots of unity distinct from unity is made up of 
the primitive n th roots of unity, the primitive y th roots of unity, and so forth, 
all the terms 1, 2, . . . . , n — 1 are found in the groups of numbers represented 
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by the subscripts e, ev, etc., with multiples of n rejected. Consequently, in, 

_i_ i_ 

determining R* , R™ v , etc., as in (76), (77), etc., we have determined all the terms 

R{ , R£ , . . . . , Sn—l- (78) 

Substitute, then, in (73) the rational value which i£ " can be shown, as in §8, to 
possess, and the values of the terms in (78) as these are determined in (76), (77), 
etc., and the root is constructed ; in other words, the expression (73) shall be 
the root of a pure uni-serial Abelian equation of the n th degree, provided always 
that the equation of the n th degree, of which it is the root, is irreducible. 

Necessity of the Above Forms. 

§42. Here we assume that the root of a pure uni-serial Abelian equation 
f(x) = of the n m degree is expressible as in (73), and we have to prove that 
its fundamental element R t has the form (72), and that the terms in (78) are to 

be taken as in (76), (77), etc., while J? " receives its rational value. 
§ 43. By (3), % being any integer, 

\_ go- 

r;„ = \F{w)\rj, 

F{w) being a rational function of w. And equation (5) subsists along with (3) ; 
that is, vf being the general primitive n tb root of unity, 

R;„={F(w e )\R;. 

Taking z = 1 , B~T = B e R~, 

B e being a rational function of vf . In like manner, taking z = X, 

Retrl — ^ e Be " > 

G e being a rational function of vf. In this way it can be shown that each of 
the terms in the series 

>rl >rl * 8 ~ 4 i. 

- Lh e<r > ■H'evK ! -Meo-K*} • • • • i -"eo* t 

is the product of B e * by a rational function of vf . Therefore 

(Bi~ 2 Bi; s BCj .... B e ^f = F t R; (79) 

where F e is a rational function of vf, and 

d = o* (s — 1) V~\ (80) 

So also {Bt'Bil 3 .... R eTh ^f = G e BJ 



.6 — 2 —...ft — 3 



(K~'K7.---R e ^-*Y = H e BJ 



(81) 
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where Gr e , H e , etc., are rational functions of uf, and 



(8 2) 



From (79) and (81), 

(Bt~\ . . .f(B*T\ ...f.... (2#~* ....)- = Q e BJ, (83) 

where Q e is a rational function of vf, and A is the sum of the terms d, S, , D', 

that is, by (80) and (82), 

A = <J 2 (s — 1) r~* + t*{t — 1) h*- % + + ^ (b — 1) h h ~\ (84) 

Because b@ = n = sa, and the prime numbers b and s are factors of n distinct 
from one another, & is a factor of a . Hence b is a factor of the first of the 
separate members of the expression for A in (84). In like manner b is a factor 
of all the separate members of the expression for A except the last. And it is 
not a factor of the last. For, assuming the prime factors of n in (67) to be all 
odd, since the last line in (69) is a cycle of primitive 6 th roots of unity, h is 
prime to b. And b — 1 is necessarily prime to b. And ft is prime to b, because 
/3 is the continued product of those prime factors of n which are distinct from b. 
Hence (3*(b — 1)&* _S is prime to b. The conclusion still holds if b is not odd, 
but equal to 2. For, in that case, h=l and b — 1 = 1 ; so that 

P % {b — l)Jfc»-» = /8». 

Now, /3 2 is odd, because (3 is the continued product of the odd factors of n. Hence 
j3 2 is prime to b or 2. Whether, therefore, the terms in (67) are all odd or not, 
every one of the separate members of the expression for A in (84) except the 
last is divisible by b , but the last is not divisible by b . Hence A is prime to 
b. In like manner A is prime to each of the factors of n. Therefore it is prime 
to n. Therefore there are whole numbers m and r such that 

mA = rn + 1 . 
Therefore, from (83), 

(<- . . . .p-^r ••••);•••• (R%~ • • l .y r =(Q?B:)B e \ 

For any integral value of z, let (B?) a be written P;. Then, putting Aj 1 for 

i_ 

QfE r e1 B n e A~ x is the continued product of the expressions 
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therefore, by (70), R l = ^ ( ^ ; _ _ ^^ (g5) 

Therefore B x = A\ (## : . . . JT^) . 

Thus the form of the fundamental element in (72) is established. Also, it was 

i_ ' _i_ 

necessary to take Bl with its rational value, because, by § 5, nB£ is the sum of 

the roots of the equation f{x) = 0. And equation (85) is identical with (76), 

which establishes the necessity of the forms assigned to all those expressions 

which are contained under B* . It remains to prove that the expressions 

i- n 
contained under B* v , — or y being a term in the series (75) distinct from n, have 

the forms assigned to them in (77). 

§ 44. Since yv = n, and y is not equal to n , yis the continued product of some 
of the prime factors of n, but not of them all. Let s, t, etc., be the factors of 
n that are factors of y , while b , d , etc., are not factors of y . Because yv = n = b(3, 
and b is not a factor of y, b is a factor of v. Let v = ab ; then v(3 = an. There- 
fore vf* = w ean = w°. Therefore F„ p = F . In like manner X evS = X . And 

so on as regards all those terms of the type F ev? in which -^- or b is not a 

r 

measure of y. Hence, putting ev for z in the second of equations (74), and 

i i_ 

separating those factors of B n ev that are of the type F^ from those that are not, 

BJ V = uTA ev (F$X> . . . .)%'„>& )', (8 6) 

1 - 
«/' being an w th root of unity. We understand that F$ , X " , etc., are here taken 

with the rational values which it has been proved that they admit. The con- 
tinued product of these expressions may be called Q, which gives us 

When e is taken with the particular value c, let «/' become uf, and when e has 
the value unity, let w" become w a . Then 

Bl = vfA„ Q fcfer • • • -)H ( 87 ) 

and i2; = w% Q (<?C ^ T T . . . .) " ) 

Because equations (3) and (5) subsist together, and vf is included under vf, 

_1_ v \ 

B; = h^Bl I ^ 8g ^ 

and B^ = k B T ) 

VOL. IX. 
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where \ is a rational function of w, and h e is what \ becomes by changing w 
into w°. By putting e = 1 in (85), 

Taking this in connection with the second of equations (87), 

(E v Rrf = w a (A v Ar) q {F^xr s . . . .f { (w;")^") ....\\ m 

In like manner, by putting c for e in (85), and taking the result in connection 
with the first of equations (87), 

(R cv R7»f= vf(A„A 7 <)Q(Fz*>. . . .)' {{r^Z^i^lA^) • • • •}"• (90) 

From (89) compared with the first of equations (88), and from (90) compared 
with the second of equations (88), 

h=w"(A v Ar)Q(Fr*.. . .fttwAfMidT") • • • •}• j. (91) 

and h c =w r {A ev A^)Q(F7^. . . .f^^W^")' •••}*) 

By §9, because <p„ is of the same structure as the expression (8), 

q a being a rational function of the primitive s th root of unity uf. And, since it 

appeared from the reasoning in §9 that the nature of the function does not 

depend on the particular primitive 6 th root of unity denoted by w", we have at 

the same time , ^,,7 

(?W?W ) = q.*, 1 

q e<r being what q, becomes when w is changed into w". Therefore, because so = n, 

and (#*$£")*= ?«,. 

Similarly, (M>7")' = ql 

and (M^Z"f=ql,, 

where q[ is a rational function of vf, and q'„ is what q' T becomes when 10 is 

changed into w°. Therefore, from (91), 

h = to" (A v Ar) Q {FT* ■ • • .)*(qrf ..••)). (92) 

and ^^(U-W"....)'!?^....)) 

But again, because b(3 = n = yv, and y is not a multiple of b, v is a multiple 

— v& 

of b. Therefore v(3 is a multiple of b{3 or n. Therefore F aP n is a rational 
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— vS 



function of w c . In like manner X ei " is a rational function of vf, and so on. 
Therefore the second of equations (92) may be written 

h c = vf (A e Jrr) QM c {q 0<T q' cr ), 

where M c is a rational function of vf. In like manner, from the first of equa- 
tions (92), \ — w a (A v AT v ) QMt (q a q' T ) , 

M x being what M c becomes in passing from vf to to. By §4 we can change w in 
this last equation into vf. This gives us . 

h = vj a °(A ev A-°)QM c (q ea q' eT ....). 

Comparing this with the value of h e previously obtained, vf = vf". Therefore 
the first of equations (87) becomes 

B" = w ac A OfA" nl T Y 

Replacing Q by {F^X^ ....)", and putting e for c, which we are entitled to 
do because vf may be any one of the roots included under vf, 

r\ - w ea A ev (r ev Al,r .... FS*f, 
which is the form of B^'„ in (77). 

Sufficiency of the Forms. 

§45. Here we assume that R x has the form (72), and that the terms in (78) 

are determined by the equations (76), (77), etc., while i? " receives its rational 
value. We have then to prove that the expression (73) is the root of a pure 
uni-serial. Abelian equation of the w th degree, provided always that the equation 
of the n th degree, of which it is the root, is irreducible. 

§46. In the first place, it has been shown that there is an n th root of B a 

which has a rational value; and, by hypothesis, B^ has been taken with this 
rational value. In the second place, an equation of the type (3) subsists for every 
integral value of z. For, let z be a multiple of n. In that case it may be taken 
to be zero. Then (JW)'= J2,\ (93) 

But B Q is the n th power of a rational quantity. Therefore (93) is an equation of 
the type (3). If z is not a multiple of n, it may be a multiple of some of the 
factors of n, say b, d, etc., though not of others, say s, t, etc. Because z is a 
multiple of b, and b@ = n, z[3 is a multiple of n. Therefore F zP = F g . And 
F$ is the n th power of a rational quantity. Therefore Ff ? is the ?^ th power of a 
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rational quantity. In like manner X/ s is the n th power of a rational quantity, 
and so on. But 

R Z =A?(F? P X! S ....)(<}>*M T ....). 

Since each of the quantities F^, X^, etc., is the n th power of a rational quantity, 
let their continued product be Q n , Q being rational. Then 

£.= (4.g)-(#^....)- (94) 

Again, because zlS is a multiple of n, Ff' ? is the n th power of a rational func- 
tion of w. In like manner Xf^ is the n th power of a rational function of w, 

and so on. Let (Ff^Xf** ) = Mr n , 

M x being a rational function of w. Then 

Bt*= Ar'(F?». . . .)(^7^7 rs . • • •) 

= (^fif 1 )-*(<?>7^7 TS ....)- (95) 

From (94) and (95), 

B.Rr'=(A,ATy(QMr i y\(M7»Mid7' r ) ••••}• (96) 

From the structure of the expression $„, <p z j$7 z is, by §9, the s th power of a 
rational function of vf. Therefore, because sa = n, $^$7 Sa is the n th power of 
a rational function of w. In like manner ^1^7^ is the n th power of a rational 
function of w, and so on. Therefore, from (96), B Z B7 Z is the « th power of a 
rational function of w. This establishes equation (3) when z is the continued 
product of some of the prime factors of n , but not of all. It virtually estab- 
lishes equation (3) also when z is prime to n, because this case may be regarded 
as included in the preceding by taking the view that the factors of n which 
measure z have disappeared. Thus, whether z be a multiple of n or be a mul- 
tiple of some factors of n, but not of others, or be prime to n, an equation of 
the type (3) subsists. In the third place, an equation of the type (5) subsists 
along with (3) for every value of e that makes iv e a primitive n th root of unity. 
For, let z be prime to n. It is then included in e. Also, since z and e are both 
prime to n, ze is included in e; and unity is included in e. But, from the 

manner in which the root was constructed from its fundamental element, B^ is 
determined as in (76). Therefore we have the four equations 

BJ^A^M ....*£)", 

Bi=A s (r z Alr ..-.Fief, 
B\ = A ez {q> e J\? eZT .... F e %f, 
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Therefore (BJtr'f = {A&^MT'f • • • • i-^ ■, , i (97) 




and (R e ,R7T = (A ee A7 s )($e„<P7/y ■••- ( V<T)* 

Because (^> s ^~ z ) n and other corresponding expressions have been shown to be 
rational functions of the primitive n th root of unity w, the two equations (97) 
correspond respectively to (3) and (5). If z be not prime to n, and yet not a 

multiple of n, it may be taken to be ev, where v is equal to — , y being one 

of the terms in the series (75) distinct from n, and iv e being the general primi- 
tive n tb root of unity. Then, just as we obtained the pair of equations (97) by 
means of (76), we can now, by means of (77), obtain the pair of equations 

(R ev RT ev f = (A ev AT ev )(^^7 e f • • • • I ( 98 ) 

(R eev R- ev V=(A eev Ar v )(<p cew <l>7„ ev f....) 
where w e represents any one of the primitive n tb roots of unity. Because such 

expressions as (<£ CT „4>7 ev ) " and {^> C e^7r ev ) n are rational functions of w, the two 
equations (98) correspond respectively to (3) and (5). Finally, should z be a 
multiple of n, it may be taken to be zero. Then the equation corresponding to 
(3) is, q x being a rational function of w , 

JL JL JL 

B; = q x Bl; or, since a = 0, is! " = q 1 . 
But B£ is rational. Therefore q x is rational. Therefore q 1 = q e ; in other words, 
q x undergoes no change when w becomes w e . Also Bl z = i? " = q e . Therefore, 

since J2;=l, Bi = q e Bf, 

which is the equation corresponding to (5). Therefore, whatever z be, the 
equation (5) subsists along with (3). Hence, by the Criterion in § 10, the 
expression (73) is the root of a pure uni-serial Abelian equation of the n th 
degree. 

The Pure Uni-Serial Abelian op a Degree which is Four Times the 
Continued Product of a Number oe Distinct Odd Primes. 

Fundamental Element of the Boot. 

§47. Let w= 4m, where m is the continued product of the distinct odd 
prime numbers, s, t, . . . . , d, b. (99) 

Take a, r, , 8, @, (100) 
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such that n = sat — tt = . . . .=&/?. Let w be a primitive n tb root of unity. 
Then w m is a primitive fourth root of unity, w" a primitive s th root of unity, and 
so on. Let 



w", to aX , vf* to' K 



llf, W Th , W Th \ 



w 



Th- 



w°, vf 



w 



$v> 



W"' 



w 



■fi 



v? k , w»\ 



w 



fik" 



(101) 



be cycles containing respectively all the primitive s th roots of unity, all the 
primitive t^ roots of unity, and so on. Let P x be a rational function of w , and, 
for any integral value of z , let P z be what P x becomes by changing w into vf. 
We can always take P x such that P m shall have the form of the fundamental 
element of the root of a pure uni-serial Abelian quartic ; that is, P m may receive 
the form of B t in (49) as determined by the equations (48). For, because P x is 
a rational function of w, 



P 1 = a -f- a x io + «2^ 2 + ....+ a n . 



,10" 



the coefficients a, a lt etc., being rational. Therefore 

P m =za + a x w m + a % v? m + etc. 

= (a + a 4 + etc.) + w m (a x + a 5 + etc.) -f w %m (a, + etc.) + w 3m (a, + etc.) . 

This may be written 

P m = / + fw m + fv? m + /"«>»». (102) 

All that is required in order that P x may be a function of the kind described is 
that P m in (102) be of the same character with B t in (49). That is, we have to 

make f=P, f' = q, f" = r, f" = s. 

By means of these four linear equations, the necessary relations between the 
quantities a, a lt a 2 , etc., can be constituted. Having thus taken P x subject to 
the condition that P m shall have the form of the fundamental element of the 
root of a pure uni-serial Abelian quartic, put 



*'-'l* 



$, = P\ 

^ T =pr s p* 



'j* 






8 — 4 

CTA2 • 



Tft- 



■Xs — P\ 
F — P k ° 



pi 



pit 



"pf 

3 pi; 



. . . . iV 

. . . . iv 



(103) 
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Then, if R x be the fundamental element of the root of a pure uni-serial Abelian 
equation of the n th degree, it will be found that 

•«i = MPZP& •••• Wg) - (104) 

A x being a rational function of w. 

The Root Constructed from its Fundamental Element. 

§48. From R lf as expressed in (104), derive R , R 2 , etc., by changing w 
into io°, io % , etc. Then, assuming that the root of the pure uni-serial Abelian 
equation f(x) = of the « th degree is 

BJ + BJ + R; + . . . . + B:_ x , (105) 

what we have to do in order to construct the root is to determine what values 

of -Bo , B£, etc., are to be taken together in (105). 
§49. From (104) we have 

JB = 4?(PW- •••■*?)• (106) 

By § 8, <£>„ is the s th power of a rational quantity. Therefore, because set = n, 
tyl is the n th power of a rational quantity. In like manner each of the expres- 
sions ^5, F§, etc., is the n th power of a rational quantity. An,d, because P m is 
of the same form with the fundamental element of the root of a pure uni-serial 
Abelian quartic, P is the fourth power of a rational quantity. Therefore, since 
w= 4m, PJT is the n th power of a rational quantity. Therefore, from (106), Bo 

is the n th power of a rational quantity, and i? " has a rational value. 

§50. Let the numbers not exceeding n that measure n, unity not included, 
be n, y, etc. (107) 

For instance, if n = 4 X 3 X 5 = 60, the series (107) is 

60, 30, 20, 15, 12, 10, 6, 5, 4, 3, 2. 

The n tb roots of unity distinct from unity are made up of the primitive n th roots 
of unity, the primitive y th roots of unity, and so on. . For instance, when n = 60, 
the fifty-nine n th roots of unity distinct from unity are the sixteen primitive 60 th 
roots of unity, and the eight primitive 30 th roots of. unity, and the eight primi- 
tive 20 th roots of unity, and the eight primitive 15 th roots "of unity, and the four 
primitive 12 th roots of unity, and the four primitive 10 th roots of unity, and the 
two primitive 6 th roots of unity, and the four primitive 5 th roots of unity, and 
the two primitive 4 th roots of unity, and the two primitive 3 a roots of unity, and 



264 Young : Forms, Necessary and Sufficient, of the Boots of 

the primitive 2 d root of unity. According to our usual notation, let P z , q> z , etc., 
be what P lt q> lt etc., become when w is changed into to", z being any integer. 
Then, from (104), B z = A<1 {P? m p z A>lr • • • • *%) ) * 

Therefore B h z = vf A^P^lfa ■ ■ ■ ■ K) ' 3 

w' being an n th root of unity. The general primitive n th root of unity being xtf, 
give id in the second of equations (108) the value unity for every value of z 
included under e. Then 

BJ - A e (P? m &Alr .... Ftpf . (109) 

Taking any number y distinct from n in the series (107), since y is a factor of n, 
let yv = n. Then to" is a primitive y** 1 root of unity. Hence, since zp 6 is the 
general primitive » th root of unity, all the primitive y th roots of unity are 
included in vf v . If vJ in the second of equations (108) be vf when z = v, give 
to' the value w ea when a= ev. Then 

iz;„ = ™ e M CT (Pf vm p em .... JJp) ' . (110) 

The expression P m having the form of the fundamental element of the root of a 

2- 1 

pure uni-serial Abelian quartic, it is understood that, in (110), P^ vm or P;„ m 
is taken with the value which it has in the root 

"a T" * m "I" -LZm "T* ^3» 

of a pure uni-serial Abelian quartic; and consequently, when v is a multiple of 
2, vf 1 * must have the value unity. Form equations similar to (110) for the 
remaining terms in (107). In this way, because the series of the w th roots of unity 
distinct from unity is made up of the primitive n m roots of unity, and the primi- 
tive y th roots of unity, and so on, all the terms 1, 2 , n — 1 will be found 

in the groups of numbers represented by the subscripts e, ev, etc., when multiples 

i_ i_ 

of n are rejected. Consequently, in determining Bl , B*„, etc., as in (109), (110), 
etc., we have determined all the terms 

A A A 

Bi, B£ , . . . . , iC-i- C 111 ) 

Substitute, then, in (105) the rational value of i? ", and the terms in (111) as 
these are determined by the equations (109), (110), etc., and the root is con- 
structed; that is, the expression (105) is the root of a pure uni-serial Abelian 
equation of the n tb degree, provided always that the equation of the n th degree, 
of which it is the root, is irreducible. 
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Necessity of the above Forms. 

§51. Take s, any one of the odd prime numbers in the series (99). Let 
a , Ox, a 3 , etc., be rational functions of w\ Then, because so = n, a , a lt 
etc., are clear of w", though they may involve the primitive fourth root of 
unity w m , the primitive t th root of unity vf, and other corresponding roots 
exclusive of w". The terms uf, vf K , etc., in the first of the cycles (101), being 
all the primitive s th roots of unity, I assume that if 

a -+- a x w" + a^Jf K +.... + a J ,_ 1 w <rX " = , 

the coefficients a , a lt etc., are all equal to one another. 

§52. The general primitive n th root of unity being w e , s — 1 values of e, 
leaving distinct residues when multiples of s are rejected, can be found of the 

form flW+1, (112) 

g being a whole number. For, since so = n, the s — 1 terms 

a + l,2(r+l, («— l)<r+l (113) 

are all less than n. Of these terms, not more than one can have a measure in 
common with n. For suppose, if possible, that two of the terms in (113), 
aa + 1 and la + 1, have a measure in common with n. The measure which 
aa + 1 has in common with n cannot be any of the measures of c. Therefore, 
since so = », it must be the prime number s. We may therefore put 

aa + 1 = lis . 
In like manner, ha + 1 = Tcs , 

h and h being whole numbers. Therefore, assuming a — & to be positive, 

(a — b)a= (h — h) s. 

But a — b is less than the prime number s. It is therefore a measure of h — k. 
Therefore a is a multiple of s; which, because a is four times the continued 
product of the odd prime factors of n exclusive of s, is impossible. Hence not 
more than one of the s — 1 terms in (113) can have a measure in common 
with n. In other words, s — 2 of the terms in (113) are prime to n. There- 
fore s — 1 of the roots 

iv, w" +1 , w 2 ' +1 , , w< s - 1)<r + 1 

are primitive n th roots of unity. This implies that there are s — 1 values of g 

VOL. IX. 
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in (112) r zero included, which make vf +1 a primitive n ih root of unity. Let 
two of these values of g be g x and g% . Put 

and g % o + l = q< s s + r 2 , 

q x and q % being whole numbers, and 1\ and r 2 whole numbers less than s. Sup- 
pose, if possible, that o\ = r 2 ; then 

(9i — 9i)^ = (qi — q%)8, 
which, as above, makes a a multiple of. s, and is therefore impossible. Conse- 
quently, the s — 1 residues after multiples of s have been rejected from the 
s — 1 different values of ga + 1 are all different from one another. 
§ 53. It can now be shown that equations 

(B mz Bz z f=p m \ , n4) 

and {R m ,RZ$=p m l 

subsist for every integral value of z and every value of e that makes vf a primi- 
tive n tb root of unity, p m being a rational function of w m , and p em being what 
p m becomes when w is changed into vf. By (3) and (5), because B x is the funda- 
mental element of the root of a pure uni-serial Abelian equation of the n th 

dGgree ' {B me B~*f =\, 

1_ 

and (B em ,B-J)" =7e e , 

\ being a rational function of w, and 7c e being what \ becomes when w. is 
changed into vf. Therefore 

\B m gB m ) = A^ ) fii^ 

and (B ems B 7 J)i=?Ci l ° j 

In the second of these equations, give e a value, say c, falling under the form 
(112). Then (B cme B 7 J)l = Jc?. (116) 

Since a is a multiple of 4, we may put c = Ad + 1 . Therefore cm = dn-\- in. 
Therefore vf" 1 = w m , and w cmz = w mz . Therefore (116) may be written 

(B me B~°)i = 7C. 
This, compared with the first of equations (115), gives us 

7C = K- (117) 

Since 7c? is a rational function of a primitive n tb root of unity, and the first of 
the cycles (101) contains all the primitive 6 th roots of unity, we may put 

7c? =a + a x vf + a % vf x + + a.^w^""', (118) 
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where the coefficients a , a^, etc., are clear of uf; though, for anything that has 
yet been proved, they may involve w m , w T and other corresponding roots exclu- 
sive of id". In (118), by the Corollary in §4, we can change w into uf. This 
causes hf to become 7c™, and uf to become to '. The coefficients a , a lt etc., are 
rational functions of uf, and, when w is changed into uf, uf becomes w cs ; but, by 
(112), cs = gn + s; therefore uf s = w s . This implies that the coefficients a , a x , 
etc., remain unaffected when w is changed into uf. Therefore 

?C = a 4- a x uf + a % uf" x + etc. 

Therefore, from (117) and (118), 

a x uf + a % uf x + etc. = a x uf + a z tif K + etc. (119) 

It was proved in § 52 that c may have s — 1 values, including unity, which leave 
distinct residues when multiples of s are rejected. Therefore one of these resi- 
dues distinct from unity must be %, which was supposed less than s, and is not 
unity. Giving c in (119) the value which leaves the residue % when multiples 
of s are rejected, the equation (119) becomes 

w" K (a x — a 2 ) 4- uf^ (a % — a 3 ) + etc. = . 

Here, by §51, the coefficients a x — a 2 , a 2 — a 3 , etc., must all vanish. This im- 
plies that a l ,a % ,....,a s _ 1 are all equal to one another. Hence 

hf = a + a x {uf + uf x + etc.) = a — % . (1 20) 

Thus 7c m is clear of uf. In like manner it can be shown to be clear of all the 
roots w" , uf, . . . . , uf, to n ; 

it is therefore a rational function of w m . Let it be written p m . Then the equa- 
tions (115) become (B ms B~ s )^ =p m , 

y^emz^em ) — pern > 

p em being whatp m becomes when w is changed into uf. These are the equations 
(114). 

§ 54. Prom what has been established, it follows that B m has the form, of 
the fundamental element of a pure uni-serial Abelian quartic. For, by § 10, all 
that is required in order that B m may have such a form is that the equations 
(114) should subsist, and that B\ should have a rational value. By §5, since B x 
is the fundamental element of the root of a pure uni-serial Abelian equation of 

the n th degree, B; has a rational value. Therefore B% has a rational value. 
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§55. In the very same way in which (83) was established, it can be proved 

that Ri(RC°'RtT .... R e „>-¥ • • • • (<" S ....)"= QM, (121) 

where Q e is a rational function of vf, and 

A = m 2 + c 2 (s — 1) V- 2 + <r 2 (t — 1) 7i f - 2 + + /3 2 (6 — 1) 7^- 2 . (122) 

Because «i is the continued product of the odd factors of n, m 2 is odd. But 
each of the expressions s — 1 , t — 1 , etc., is even. Therefore A is odd. There- 
fore A is prime to 4. Again, because rn is the continued product of the odd 
factors of n, it is a multiple of b. And, because sat = b(3, a is a multiple of b. 
In like manner t is a multiple of b. In this way all the separate members of 
the expression for A in (122) except the last are multiples of b. And, by the 
same reasoning as was used in §44, /3 2 (b — l)7c 6 ~ 2 is not a multiple of b. 
Therefore A is prime to b. In like manner it is prime to s, t, etc. Therefore 
it is prime to n. Therefore there are whole numbers v and r such that 

v A = m + 1 . 
Therefore, from (121), 



->'*' 



P» 



R; m {R\; y{K . . . .) T . ...(R% ... .)» = (q:ri)r;. (123) 

— x 

For any integral value of z, let Rl be written P% . Then, by (103), putting 

A7 1 for Q v e R r e , (123) becomes 

4 = A e (PZ^e^lr .... F%f- (124) 

Therefore R x = Al {P^lfo Ffi . (125) 

But P m is the same as R° m . Therefore, by § 54, P m is of the form of the funda- 
mental element of the root of a pure uni-serial Abelian quartic. Therefore the 
expression for R 1 in (125) is identical with that in (104), and thus the form of 
the fundamental element in (104) is established. Also, it was necessary to take 

^o with its rational value, because, by § 5, nR^ is the sum of the roots of the 
equation f(x) = 0. And equation (124) is identical with (109), which estab- 
lishes the necessity of the forms assigned to all those expressions which are 

contained under Rl . It remains to prove that the expressions contained under 

— n 
RZj — or V being a term in the series (107) distinct from n, have the forms 

assigned to them in (110). The details to be given here are very much a repe- 
tition of what is found in §44; but, to prevent the confusion that might arise 
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from explanations and references, it is thought better to present the reasoning 
again with some fulness. 

§56. Since yv = n, and y is not equal to n, y is the continued product of 
some of the factors of n, but not of them all. Let s, t, etc., be the odd factors 
of n of which y is a multiple; and b, d, etc., the odd factors of n of which 
y is not a multiple. Because yv = n = b(3 , and b is not a factor of y , b 
is a factor of v. Let v = ab; then v@ = an. Therefore F evj3 =. F . In like 
manner X e „ a = X , and so on as regards all those terms of the type F ev? 

7b 

in which — or b is an odd factor of n, but not a factor of y. Hence, putting ev 

p 

j_ 

for z in the second of equations (108), and separating those factors of R£, that 

\_ 

are of the type F^, p from those that are not, 

4 = uf'A M (F§X< . . . .f{PM' m . . . .) ", 

to" being an w th root of unity. We understand that Ff, Xtf , etc., are taken with 
the rational values which it has been proved that they admit, and, as in § 44, 
their continued product may be called Q. Then 

El - w"A ev Q (F^>' m . . . .)\ (126) 

When e is taken with the particular value c, let w" become w r , and when e has 
the value unity, let w" become vf. Then 

Rev == wr A ev Q{PTvm<P'cv<r • •••)"( (127) 

and RJ = vfAQiPliW* )') 

Because R t is the fundamental element of the root of a pure uni-serial Abelian 

equation of the n th degree, equations (3) and (5) subsist together; hence, because 

vf is included in vf, /D r,^ v A 7 ) 

WI^M (128) 

and (R a B?y = b a ) 

where li x is a rational function of w, and h c is what h x becomes by changing w 
into vf . By putting e equal to unity in (109), 

RJ = A, (PZ& .... F$y. 
Taking this in connection with the second of equations (127), 

(R v Rr)- = w a (A v Ar)Q(Fr p - • • .fi(PZP^ vM )(r^7 w ) . . . .}•. (129) 
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In like manner, by putting c for e in (109), and taking the result in connection 
with the first of equations (127), 

(R c „R7*f=:w r (A„A^)Q(I%« . . . .)'{{PZ m PZr)(r«J>Z v ') • • • -P- (130) 
From (129) compared with the first of equations (128), and from (130) com- 
pared with the second of equations (128), 

\ = vf{A v AT v )Q{Fr". . . f\(PZ*PZ™)&l#7 w ) • • • •T i I (131) 
and h c = vf (A„Ar) Q (2^* ....)*{ (i^^*)(#«4C' r ) ••••}') 

Exactly as in § 44, it can be shown that 

(#w4C*r = fc. (132) 

q e being a rational function of the primitive n th root of unity vf. Also, it has 
been proved that P m is of the form of the fundamental element of the root of a 

pure uni-serial Abelian quartic. Therefore, by (3), (P C vmPcmY m a rational 
function of the primitive fourth root of unity vf 1 . Therefore, because n = 4m, 

(P?vmPcm m ) n i s a rational function of the primitive « th root of unity vf. Put 

(PZnP7 m vm V = q'c (133) 

— V JL 
Again, exactly as in § 44, F c „ n =q' c l , (134) 

q'J being a rational function of vf. By (132), (133), (134), and other correspond- 
ing equations, the second of equations (131) becomes 

Jc = vf (A ev A7°) Q (q e q> c q' c > ....). (135) 

In like manner, from the first of equations (131), 

k 1 = w a (A v Ar)Q(q 1 q{ql'....), 
Qi> 2i> e tc, being what q B , q' e , etc., become in passing from %<f to w. It may 
be noted that this assumes that we are entitled to change equation (133) into 

/ pm p—vm\" „/ 

\ Jr vm Jr m J ~~ 5il* 

m m m 111 

The warrant for this lies in the fact that the roots P'^ , P£ m , Pi m , or P^ , Pl m , Pg m , 
were taken with the values they have in the root 

Pf 4- Pi 4- P X r 4- Pi 

-* ~ r m I * Zm V * %m 

of a pure uni-serial Abelian quartic. This being so, the equation 

_i_ 

/ TJrn T)—vm\ " „/ 

l r m r m ) </l 

corresponds to equation (3), while (133) corresponds to (5), and, by §5, equations 
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(3) and (5) subsist together. In \, by the Corollary in §4, we can change w 
into vf. Therefore 

By comparing this with (135), w r = w al! . Therefore the first of equations (127) 

becomes B^ = ic ae A m Q (P™^^ ....)"• 

Keplacing Q by (F^ . . . .)", and putting e for c, which we are entitled to do 
because vf may be any one of the roots included in the general form to e , 

i_ 2, 

■"'ev —- w -3-«» (.-* eomYeotr • • • • -& evp) > 

which is the form of R£, in (110). 

Sufficiency of the Forms. 

§57. Here we assume that R x has the form (104), and that the forms in 
(111) are determined by the equations (109), (110), etc., while JS " receives its 
rational value; and we have to prove that the expression (105) is the root of a 
pure uni-serial Abelian equation of the n th degree, provided always that the 
equation of the « th degree, of which it is the root, is irreducible. In the first 
place, it has been shown that there is an n tb root of B which has a rational 

value ; and, by hypothesis, i? " has been taken with this rational value. In the 
second place, an equation of the type (3) subsists for every integral value of z. 

For B Z B T * = (A e ATr(PZ s P^ ms M^ aS ) .... (I%F?») . 

But P m is of the form of the fundamental element of the root of a pure uni- 
serial Abelian quartic. Therefore, by §5, P mz P~ z is the fourth power of a 
rational function of the primitive fourth root of unity w m . Therefore, because 
n = 4m, PmzPm mZ is the n th power of a rational function of w. Also, it can be 
proved, exactly as in §44, that, whether s be a multiple of s or not, <f£4)7 <l2! is the 
n th power of a rational function of w. And so of the other corresponding 
expressions. Therefore B Z R^ Z is the n m power of a rational function of w. In 
the third place, we have to show that an equation such as (5) subsists for every 
corresponding equation (3). For, let z be prime to n. It is then included in e. 
Also, since z and e are both prime to n, ze is included in e; and unity is in- 
cluded in e . But, from the manner in which the root was constructed from its 

fundamental element, Bl is determined as in (109). Therefore 
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Rf = A 1 (P%ft ....Iff, 

R z = A z {PTrnfygir • • • • -Vzfi) i 
J^ee == -"■«*(,■* eznSveZa • • ' • -? esp) • 

Therefore (i^') " = (A4r s ) (P* m PmT (<?W?V T . • • • / (136) 

and {Re*K*Y = {AA7%P e * m I^f{.$e^f. ..J 

Because (P ZOT P~*)" and other such expressions have been shown to be rational 
functions of the primitive w th root of unity, the two equations (106) correspond 

respectively to (3) and (5). If z be not prime to n, and yet not a multiple of 

in 
n, it may be taken to be ev, where v is equal to — , y being one of the terms 

in the series (107) distinct from n, and w e being the general primitive n th root of 
unity. Then, just as we obtained the pair of equations (136) by means of (109), 
we can now, by means of (110), obtain 

\^Ii ev Ii 1 J = {A ev Ai ) \Jr evm Jr m ) .... f /"137^ 

where vf represents any one of the primitive n th roots of unity. Because 

m 

(Pev m Pm ev Y and other such expressions have been shown to be rational functions 
of the primitive n ttl root of unity, the two equations (137) correspond respectively 
to (3) and (5). Finally, should 3 be a multiple of n, it may be taken to be zero. 
Then the equation corresponding to (3) is 

q x being a rational function of to . Or, since z = , 

But Rq is rational. Therefore q x is rational. Hence, if q e be what q x becomes 

JL i- — 

in passing from w to vf, q e =.q 1 . Also R n es — Rq = q e - Therefore, since R^ = l, 

which is the equation corresponding to (5). Therefore, whatever z be, the equa- 
tion (5) subsists along with (3). Hence, by the Criterion in §10, the expression 
(105) is the root of a pure uni-serial Abelian equation of the n ih degree. 
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Solvable Irreducible Equations of Prime Degrees. 

§58. Let f(x) — be a solvable irreducible equation of the prime degree n. 
Even if it be not a pure Abelian, the necessary and sufficient forms of its roots 
can, by means of the problems solved above, be determined in all cases in which 
n is either the continued product of a number of distinct primes or four times the 
continued product of a number of distinct odd primes. 

§59. It is known that the root of the equation is of the form 

Jc + R} + li; + + -C-1. (138) 

where h is rational ; and 

R x , it 8 , . . . . , -Rjt-i, (139) 

are the roots of an equation of the n ih degree, that is, of an equation with 
rational coefficients. Let this equation be <p (x) = 0. The root of the equation 
f(x) = may also be expressed in the form 

h + Bf + a 1 R^ + b x Rj + + c x BT, (140) 

where a lt b x , etc., are rational functions of R x . The separate members of the 
expression (140) are severally equal to those of the expression (138) ; that is, 

rJ = ai Rf, r; = bjtit ,...., J2;_i = o x rY- (i4i) 

Therefore R 2 = a^R\. Hence, since % is a rational function of R 1} R % is a 
rational function of JB X . The expression R x is thus the root of a pure Abelian 
equation, which, moreover, is known to be capable of having its roots arranged 
in a single circulating series, and therefore to be what we have called a pure 
uni-serial Abelian. A quotation from a remarkable memoir which was pre- 
sented in 1853 by Herr Leopold Kronecker to the Academy of Berlin, and of 
which a translation is given in Serret's Cours d'Algebre Superieure (Vol. II, p. 
654, 3d edition), will show how the case stands. In Kronecker's memoir (i indi- 
cates the degree of the equation, and is therefore our n, while A, B, G, etc., 
are quantities involved rationally in the coefficients of the equation f(x) = . 
Having given, after Abel, what are substantially the two forms (138) and (140), 
Kronecker adds : " II est bien vrai que toute fonction algebrique, satisfaisant au 
probleme propose, doit pouvoir se mettre sous ces deux formes ; mais ces formes 
sont encore trop generales, c'est-a-dire qu'elles renferment des fonctions alge- 
briques qui ne repondent pas a la question. Je les ai done etudiees de plus pres, 
et j'ai trouve d'abord que parmi les fonctions renfermees dans la forme (2)" [the 

VOL. IX. 
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same as (138)] "celles qui satisfont au probleme propose doivent avoir la pro- 
priety nonseulinent que les fonctions symetriques de B x , B 2 , e * c -> soient ration- 
nelles en A, B, G, etc. (ce qu'Abel a remarque), mais aussi que les fonctions 
cycliques des quantity B lt B % , etc., prises dans un certain ordre, soient egale- 
ment rationnelles en J., B, G, etc. ; en d'autres termes, liquation de degre fi — 1 , 
dont B lt B 2 , etc., sont les racines, doit etre une equation abelienne. J'entendrai 
toujours ici par equations abeliennes cette classe particuliere d'equations reso- 
luble qu'Abel a considerees dans le Memoire XI du premier volume des CEuvres 
completes, et dont je supposerai les coefficients fonctions rationnelles de A, B, G, 
etc. En designant par x 1} aj 2 , . . . . , x n , des racines prises dans un ordre deter- 
mine, ces equations peuvent etre definies soit en disant que les fonctions cycliques 
des racines sont rationnelles en A, B, G, etc., soit en disant qu'on a les rela- 
tions, x 2 = 6(x 1 ), x 3 = Q(x % ), . . . . , a?„= 0(aJ„_ 1 ), x x — 6x n , 

oii 6 (x) est une fonction entiere de x dont les coefficients sont rationnels en 
A, B, G, etc." In saying that the (i — 1 (or, in our notation, the n — 1) terms, 
B lt B % , etc., are the roots of an Abelian equation, Kronecker must be understood 
to assume that the equation <£> (x) = 0, which has the terms in (139) for its roots, is 
irreducible. As a matter of fact, in the most general case, which includes all 
the others, the equation <£> (x) = is irreducible. But in particular cases it may 
be reducible, and then it is not an Abelian. In a paper by the present writer, 
entitled "Principles of the Solution of Equations of the Higher Degrees," which 
appeared in this Journal (Vol. VI, No. 1), it was proved that when the equation 
(£> (x) = is reducible, it can be broken into a number of irreducible equations, 

&(») = <), ^(x) = 0, , ■&(») = 0, 

each a pure uni-serial Abelian. Hence, for a detailed discussion of the 
problem we have now before us, we should require to deal not only with 
the general case in which the equation $ (x) = is irreducible, but also with 
the several cases in which equations such as i^i (a) = , ^ (x) = , etc., 
can be formed. But since, as has been stated above, the particular cases are 
included in the general, we shall confine ourselves to the problem of the neces- 
sary and sufficient forms of the roots of the solvable irreducible equation 
f(x) = of degree n, when the subordinate equation $(x) = of degree n — 1 
is irreducible, and is therefore a pure uni-serial Abelian ; it being understood 
that n — 1 is either the continued product of a number of distinct primes, or 
four times the continued product of a number of distinct odd primes. 
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Form of Hie Root. 

§ 60. The solutions of the problems investigated in the preceding part of 
the paper have furnished us with the necessary and sufficient form of the root 
of the pure uni-serial Abelian equation ^> (as) = of degree n — 1 . Let this 
be r x . Let id, w a , io k \ . . . . , to^"' (142) 

be a cycle containing all the primitive n th roots of unity. We may assume that 
X, is less than n. Let 

1,X, a, /?, , S, s, 6 (143) 

be the indices of the powers of w in (143); that is, a = X 2 , /3 = a, 3 , and so on. 
The n — 1 roots of the equation $ (x) = can be arranged in a single circulating 
series. Let them, so arranged, be 

n, r Kl r a , , r e , r,. (144) 

It will be found that the terms Bf , B£ , etc., in (138), which are the same, in a 

certain order, as Bf, B£ , B^, etc., with multiples of n rejected from the sub- 
scripts, are given by the equations 

Bf=A 1 (ry x r s a ....rtfr,f 

Bj = A k (r 1 fiK .... ry e f 

Bj = A a (riry a .... rty 



(145) 



B; = A (r\ri .... rl)" 

In (145) the subscripts of the factors of the expression for Bl Aj 1 are the terms 
in (143), while the indices are the terms in (143) in reverse order. Because the 
series (144) circulates, B k is formed from B x by changing 1\ into r K , and, through 
the same change, B K becomes B a , and so on. 

Necessity of t/ie above Forms. 

§61. Here, assuming that the root of a solvable irreducible equation of 

degree n is expressible as in (138), we have to show that R£ , B£ , etc., have the 
forms (145). 

§62. In (138) B'l is an n tb root of B t , one of the roots of a pure uni-serial 
Abelian equation <£ (x) = 0, the series of whose roots is contained in (139). But 
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R x may be any one of the roots. This implies that if the roots, in the order in 
which they circulate, are 

R\1 "A I J*a) • ' • • ) ■"'«) ■"'el -"'«) 

the change of Rl in the system of equations (141) into R£ will cause Rl to 

jl i- i 

become Rl , and i2 a H to become R£ , and so on. In fact, by exactly the same 

reasoning as that used in establishing the Criterion of pure uni-serial Abeli- 

anism, it can be made to appear that the n values of the expression (138) 

i_ 
or of (140) obtained by taking the n values of Rl for a given value of R lt and 

taking at the same time the appropriate values of R% , i2 3 " , etc., as determined 
by the equations (141), would not be the roots of an equation of the n th degree 

with rational coefficients unless Rl could replace Rl in the manner above indi- 

cated. In like manner, by changing Ry in the system of equations (141) into 

R2, Rl becomes Rg, and so on. The principle can be extended to all the 
terms in the series 

RJ, RJ, RJ , RJ, RJ. (146) 

§63. Let, then, the system of equations (141) be written 

•fli = <RJ, st = b' e RJ , etc. , (147) 

e being a general symbol under which all the terms in the series (143) are con- 
tained, while a' e , b' e , etc., are rational functions of R e . These equations give us 

{R° e Rl,Rl .... R%R k e M e e? = &M, 
where G e is a rational function of R e , and 

t = + si + 8a + + = (n — 1) = (n — 1) % n ~\ 

Because % is a prime root of n, (n — 1) A," -2 is prime to n. Therefore t is prime 
to n. Therefore whole numbers h and h exist such that 

Jit = Jen -\- 1 . 

Therefore (22^ .... R ee f= ( G*R*) sf. 

i_ i_ 

For every integral value of z, let (R%) n be written ?•;;. Then, putting Aj 1 

for fir h Tl k; - -l 

R: = A e (rlr^rl .... *tfr t ) \ (148) 
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Because r„ is simply another way of writing R%, and the terms R x , R^, etc., are 
the roots of a pure uni-serial Abelian, it follows that r lt r k , etc., have the forms 
of the roots of a pure uni-serial Abelian. By putting e, then, in (148) succes- 
sively equal to 1, X, a, . . . . , 6, the n — 1 terms in (146) are obtained with the 
forms assigned to them in (145). 

Sufficiency of the Forms. 

§64. We here assume that the terms forming the series (146) are taken as 

in (145), and we have to show that the expression (140) is the root of a solvable 

irreducible equation of the n th degree ; provided always that the equation of the « th 

degree, of which it is a root, is irreducible. Because the terms forming the series 

(146) are taken as in (145), the system of equations (147) subsists. Therefore, by a 

course of reasoning precisely similar to that used in an earlier part of the paper to 

show that the n values of the expression (2), obtained by giving s successively the 

values 0, 1 , 2 , . . . . , n — 1, are the roots of an equation of the n iU degree, it can 

now be shown that the n values of the expression (140), obtained by taking the n 

i_ 
values of R? for a given value of R x , are the roots of an equation of the n th 

degree, that is, of an equation of the « th degree with rational coefficients. 



